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1 Introduction

Algorithmic multivariate polynomial system solving is a central theme of com-
putational algebraic geometry, which arises in connection with numerous sci-
entific and technical problems (see e.g. [21], [62]). In order to solve polynomial
equation systems, several symbolic and numeric algorithms have been pro-
posed. Unfortunately, typical symbolic elimination methods based on rewrit-
ing techniques (see e.g. [19], [20]) have superexponential complexity, which
makes them infeasible for realistically sized problems. On the other hand, in
the case of typical numeric (iterative) techniques (see e.g. [55]), it is not easy to
obtain good initial guesses for the solutions of the system under consideration.

In order to circumvent these difficulties different attempts were made, from
the symbolic and the numeric point of view, to solve polynomial equation
systems by means of deformation techniques based on a perturbation of the
original system and a subsequent path—following method (see e.g. [18], [6],
[29], [1], [42], [10]). A common drawback of these methods is the fact that
they typically introduce spurious solutions which may be computationally
expensive to identify and eliminate in order to obtain the actual solutions.

In the series of papers [31], [52], [30], [28] and [32], a new symbolic elimination
algorithm was introduced. This algorithm is based on a flat deformation of a
certain morphism of affine varieties, which was isolated and refined in [39] (see
also [58]). More precisely, let V' be a Q-definable equidimensional affine variety
of dimension m, and let be given a generically unramified, finite morphism 7 :
V' — C™. Then, given a complete description of a particular unramified fiber
7 (yo), [39] exhibits an algorithm which computes a complete description of
an arbitrary fiber 77!(y) using a global version of the Newton—Hensel lifting.

This deformation technique may be used in order to solve particular polyno-
mial equation systems. A typical application of this method is the following
(see e.g. [39], [38], [53]): suppose that we are given a sparse polynomial equa-
tion system which defines a zero-dimensional affine variety. Suppose further
that a suitable replacement of some of the coefficients of the original polynomi-
als by indeterminates gives a generically unramified family of zero—dimensional
affine varieties, with underlying finite morphism. Then, if there exists a partic-
ular unramified fiber which is easy to solve, it is possible to solve the original
system by using the algorithm of [39].

Our main objective here is to extend the “catalogue” of polynomial equa-
tion systems which may be treated using this deformation technique. For this
purpose, we are going to exhibit an algorithm which, given a generically un-
ramified family of zero—dimensional affine varieties, represented by a dominant
(not necessarily finite) morphism 7 : V' — C™, and the infinitesimal struc-



ture of a particular (eventually ramified) fiber 7=!(y), computes a complete
description of any fiber 771 (y).

In view of the main outcome of the articles [40] and [33], namely the conclusion
that the elimination techniques of [30] and [28] can be efficiently reduced to
the case of algebraic curves (i.e. affine equidimensional algebraic subvarieties
of dimension 1 of C"™), in this article we shall limit ourselves to this case.

Let V C C""! be a Q-definable algebraic space curve, and let us assume that
the morphism 7 : V' — C induced by the canonical projection in the first
coordinate is dominant and generically unramified. Let m—!(gy) be a finite and
ramified fiber. Suppose further that we are given the infinitesimal structure of
7 1(gp), i.e. the set of singular parts of the Puiseux expansions of the branches
of V' lying above ¢y (see Section 2.2). Then we exhibit an algorithm which
computes a complete description of an arbitrary fiber 77! (¢) (see Section 4).

Our algorithmic method is essentially based on a new variant of the global
Newton-Hensel procedure of [30] and [28] which is described in Section 3. Its
time-space complexity is roughly O(0 D), where ¢ is the degree of V| D is the
degree of m and o = 1 in several important cases. Then our algorithm extends
and improves the procedures in [39] and [58]. Furthermore, our algorithm
treats all the branches of V' lying above gy separately, improving thus the
refinements of [39, Section 3.

Finally, in Section 5 we illustrate our method on a few examples, where the
deformation technique of [39] cannot be applied. We solve Pham—Brieskorn
systems, examples provided by discretization problems of partial differential
equations and generalized Reimer systems.

2 Preliminaries

In this section we fix the notation and terminology used throughout this pa-
per. In Section 2.1 we introduce the terminology about projections and the
notion of geometric solution of an affine variety. In Section 2.2 we introduce
terminology about space curves, extending the usual terminology of Puiseux
expansions of plane curves (see e.g. [64]) and rational Puiseux expansions (see
e.g. [23], [65]). Finally, in Section 2.3 we fix our computational model.

2.1 Geometric solutions

We use standard notions and notations of commutative algebra and algebraic
geometry, which can be found in e.g. [24], [48], [60], [45].



For a given algebraically closed field & and m € N, we denote by A™(k) the
m—dimensional affine space k™ equipped with its Zariski topology over k. In
particular, we shall use the notation A™ := A™(C). Let us fix n € N. Points
in A" shall be denoted either by (g,7), with ¢ € C and x € C", or by
(e,21,...,2,) with €,24,... ,2, € C.

Let £, X1,...,X, be indeterminates over Q, let X := (X3,...,X,), and let
Q[&, X] :=Q[&, X1, ..., X,] be the ring of polynomials in the variables £, X
with coefficients in Q. Let Fy, ..., F, be polynomials in Q[£, X] which form
a regular sequence of Q[£, X] and generate a radical ideal in Q[€, X]. Then

Vi={(e,2) € A" Fi(e,2) = 0,... , Fy(e,x) = 0},

is an equidimensional affine variety of dimension dimV = 1. The coordinate
ring Q[V] and the ring of rational functions Q(V') of V' are defined as the
quotient ring Q[€, X]/(F1, ..., F,) and its total ring of fractions respectively.

Let 7 : V — A! be the morphism induced by the restriction to V' of the
canonical projection in the first coordinate (e, z) :=¢. Let V =CyU--- UC;
be the decomposition of V' into irreducible components. Suppose that 7|c, is
dominant for 1 < ¢ < s. We define the degree of m as the number D :=

7 1Q(C) + Q(E)], where [Q(C;) : Q(E)] denotes the degree of the (finite)
field extension Q(&) — Q(C;) for 1 < i < s.

We assume that 7 is generically unramified, i.e. the fiber 77!(¢) consists of
exactly D points for a generic value ¢ € Al. This implies that the Jacobian
determinant Jp := det(0F;/0X;)1<; j<n is n0t a zero divisor in Q[V].

Let U be a nonzero linear form of Q[X] and let u be the element of Q[V]
induced by U. Let 7, : V — A? be the morphism defined by (¢, ) :
(e,u(x)). By a standard argument we conclude that the Zariski closure 7, (V)
of the image of V under m, is a Q-definable hypersurface of A%. Let Z be an
indeterminate over Q. Then there exists a unique (up to scaling by nonzero
elements of Q) minimal equation M, € Q[E, Z] defining 7,(V). From the
Bézout inequality (see e.g. [36], [26]) we deduce the estimate deg M,, < degV'.
On the other hand, we have the estimate deg, M, < D. Let m, € Q(€)[Z]
denote the (unique) monic multiple of M, with deg, m, = deg, M,. We call

m,, the projection polynomial of v in V.

We define the Projection Problem as follows: given Fi,... , F}, and the linear
form U € Q[X], find the projection polynomial m,.

It is well-known that there exists a non—empty Zariski open set & C A" such
that for any linear form U := A\ X7+ - -+, X, with (A,... , \,) € U we have
deg, m, = D. Any linear form satisfying this condition is called generic. Let
us observe that for any generic linear form U € Q[X], the induced coordinate



function w is a primitive element of the Q-algebra extension Q(&) — Q(V),
whose minimal polynomial over Q(&) equals m,.

Let U € Q[X] be a generic linear form. Using a suitable variant of the so—
called Shape Lemma (see e.g. [56], [33]), the computation of the projection
m, can be easily extended to a symbolic solution of V' in the following sense
(see e.g. [30], [28], [33]). A geometric solution of the affine variety V' consists
of:

e a generic linear form U € Q[X],

e the projection polynomial m, € Q(&)[Z].

e elements vy, ... , v, of Q(&)[Z] such that 2" X; = v; mod Q(£) ® Q[V] and
degz v; < D hold for 1 <1 <n.

This notion of geometric solution has a long history, going back at least to
[44] (see also [47], [67]). One might consider [18] and [27] as early references
where this notion was implicitly used in modern symbolic computation.

2.2 Space Curves

We maintain the notations and assumptions introduced in Section 2.1. Let
T be an indeterminate over Q. A parameterization of the curve V' is a non-

constant vector §§ X of elements of the field of Laurent series Q(( (T), with
X : (Xl,... . X,) € Q(T)", such that Fy(&, X) 0,. (8 X)=0
holds in Q((7)). A parameterization (5~X ) is called zrreduczble if there does
not exist an integer k£ > 1 for which (€,X) € Q(T*)™! holds. The coefficient
field of a parameterization (g , X) of V' is the field extension of Q generated
by the coefficients of the series €, X1, ... , X,.

We define the order or(p) of ¢ € Q((T)) as the least power of T' appearing
with a nonzero coefficient in ¢. Two parameterizations (£, X) and (£, X)
are called equivalent if there exists a power series ¢ € C[T] of order 1 such
that £(T) = €' (o(T)), X1(T) = X\ (@(T)), ..., X, (T) = X' (¢(T)) holds in
Q(T). A branch C of the curve V is defined as the equivalence class of an
irreducible parameterization of V. We say that a branch C lies above a point
e € A" if there exists a parameterization (£, X) in the equivalence class that
defines the branch C with € € Q7] and £(0) =

In what follows we shall consider the branches of V' lying above 0. It is well-
known that if 0 is an unramified value of the morphism 7 : V' — A! of Section
2.1, then all the branches of V' lying above 0 have a parameterization of the
form (7, X) with X € Q[T]". Furthermore, efficient algorithms considering
the projection problem in this case are known (see e.g. [39], [58]). In this article
we shall suppose that the fiber 771(0) is finite and (scheme-theoretically)



ramified, i.e. the condition # (7~1(0)) < D holds.

Now we explain how the parameterizations of the branches of V' lying above
can be represented by means of Puiseux series in €. Let Q(£)* := U,»0Q(£'9)

denote the field of Puiseux series in the variable & over Q. It is well-known
that Q(€)* is an algebraically closed field. In fact, it is the algebraic closure

of Q(&) (see e.g. [64]).

Let us consider Fi, ... , F, as elements of the polynomial ring Q(&)*[X]. Since
the Q-algebra extension Q(E) — Q(V) is finitely generated, it follows that
the affine variety {z € A"(Q(£)*) : F1(z) =0,...,F,(Z) = 0} has dimension
zero. Therefore, under our hypotheses there exist D := deg 7 distinct n—tuples
) = (x@, o, 20Y) € (Q(E)*)™ of Puiseux series which are solutions of the

system defined by Fy, ... , F, over Q(€)*, i.e. such that the following equalities
hold in Q(&)* for 1 < ¢ < D:

& xD)=0,..., F(&z9) =0. (1)

For 1 < ¢ < D, let us write 29 := (ocge), ...,z¥) and xl@ =Y m>my agﬁ)n Ee
(1 <i<n), withe, € N, my € Z and agﬁ?n € Q. Without loss of generality we
may assume for 1 < ¢ < D that e, has no common factors with the greatest
common divisor of the set of m’s for which az(i)n # 0 holds. The number ¢, is
called the ramification indez of the series 2. Let us remark that for 1 < ¢ < D
the coefficient field generated by all the coordinates of () is a finite extension

of Q (see e.g. [23]). Its degree f; is called the residual degree of z(*).

Following [23] (see also [65]), a set of non—equivalent parameterizations
{ED.XD),.. (€D, XO)} cr)"! 2)

containing a complete set of representatives of the branches of V' lying above
0 is called a system of rational Puiseuz expansions (of the branches of V' lying
above 0) if it is invariant under the action of the Galois group of the field
extension Q/Q and ¥ = A\, T, with ¢, € N and A, e Q )\ {0} for 1 </ <3.
Let g be the number of orbits defined on the set (2) under the action of the
Galois group of Q/Q and suppose that we have chosen the numbering in (2)
such that the first g elements represent different orbits.

Let us observe that from a given system of rational Puiseux expansions we
may easily obtain the system of classical Puiseux expansions of the branches
of V' lying above 0, i.e. the complete set of solutions of (1). Indeed, let

[0, X0) = (M, ¥ ol X ) 1<0<g) @

m>my m>myg

be a system of rational Puiseux expansions of V', and let &, )\Zl/ “ € Q denote



a primitive e,~th root of 1 and an e,~th root )\[1 for 1 < ¢ < g. Then the
classical Puiseux expansions of the branches of V' lying above 0 are given by

IXO@ENY e ) 1< 1< g 1<j<ef).

Observe that the ramification index of the expansion X (&) )\_1/ cegiiey s
ey. Let R denote the least mteger such that the partial expansion vectors
) DU =0 mz(al s - al) YT™ are pairwise distinet for 1 < ¢ <
D. Let us remark that a combination of [58, Proposition 1] and [23, Lemma
2] yields the estimate R —m, < 2(egf;)?. The integer R is called the reqularity
indez of the system (3). For 1 < ¢ < g, the partial expansion Zﬁ:ml alDTm™ is

called the singular part of X®

2.3  Computational model

Our model of computation is based on the concept of arithmetic—boolean cir-
cuits (also called arithmetic networks) and computation trees (see e.g. [63]

r [15]). An arithmetic-boolean circuit over Q[€, X] is a directed acyclic
graph (dag for short) whose nodes are labeled either by an element of Q U
{€,X1,...,X,}, or by an arithmetic operation or a selection (pointing to
other nodes) subject to a previous equal-to—zero decision. On the dag associ-
ated to a given arithmetic-boolean circuit § we may play a pebble game (see
[14], [57]). A pebble game is a strategy of evaluation of 3 which converts 3 into
a sequential algorithm (called computation tree) and associates to ( natural
time and space measures. Space is defined as the maximum number arithmetic
registers used at any moment of the game, and time is defined as the total
number of arithmetic operations and selections performed during the game.
A computation tree without selections is called a straight-line program (see
e.g. [61], [37], [15]). In the sequel, we shall tacitly assume that our arithmetic—
boolean circuits and computation trees in Q[€, X] contain only non—essential
divisions, i.e. only divisions by nonzero elements of Q.

3 Lifting procedures for ramified fibers

With notations and assumptions as in Section 2.1, let {(£©, X©) : 1 < ¢ < g}
be a set of parameterizations which induces a system of rational Puiseux
expansions of the branches of V' lying above 0 by the action of the Galois group
of Q/Q. For 1 < £ < g, let e, f; € N denote the ramification index and the



residual degree of the Puiseux expansions associated to the parameterization

(EO, X0 .= (Amz, T am<f>:rm>, (4)

m>my

with al9 € Q" for 1 < ¢ < g, m > my. We have ¥_, esf, = D [23]. Let R € Z
be the regularity index of the system of rational Puiseux expansions (4). Let
us recall the estimate R — m, < 2(esf;)? on the size of the singular parts of
the parameterizations in (4) (see Section 2.2).

Let T,Yy,...,Y, be indeterminates over Q and write Y := (Y;,...,Y},). Let
K® :=Q({\, afi)?l, .. al)m > my}) be the coefficient field of the param-
eterization (g 0, X ). Denote by 0§€), e ,aj(cf) the morphisms of the Galois
group of the field extension Q — K. For any (¢,j,k) € N® with 1 </ < g,
1<j<nand1<k< fy, let us define G{* € Q[T, Y] by:

R-1
Q) . T (a,(f)()\é)Teé, > a,(j)(a NT™ 4 YTR>, (5)

J m
m=my

where o, € Z is chosen such that the order of T" in Gy’k) equals zero.

Our algorithmic methods are based on a deformation technique which allows
us to compute an arbitrary fiber of the morphism 7 : V' — A! by “lifting”
the fiber 771(0). In order to perform this process of lifting, we would like
to use a global Newton—Hensel procedure as in [30], [28] (see also [39], [58]).
Unfortunately, this is no longer possible because the essential hypothesis on
the unramifiedness of the fiber 771(0) is missed.

In order to circumvent this difficulty, one might try to proceed as in the
plane curve case and consider the ideal Z(:F) of Q[T,Y] generated by the
polynomials G{** ... [ GE® for 1 < ¢ < gand 1 < k < f,. Let VR be
the affine subvariety of A"*! defined by Z(¢:®  and let 7R . V(R 5 Al
be the morphism defined by 7“¥)(¢t,z) := t. Unlike the plane curve case,
Ggﬁ’k), ..., G are not necessarily smooth at 7' = 0, unless a suitable flatness
condition is satisfied (compare [6], [3] and [4]). In Section 3.2 we exhibit a
flatness condition which assures that the points of the fiber (7(“*))=1(0) are
(Gﬁ‘“’“), ..., G —smooth. Then in Section 3.3 we describe a variant of the
global Newton—Hensel procedure of [30] and [28] specifically adapted to our
situation. Finally, in Section 3.4 we show that this flatness condition is also
necessary to assure smoothness.

Let us observe that the main results of this section, namely Theorems 5 and 7
below, depend on the infinitesimal structure of the fiber 771(0), and hence can
be (slightly) generalized to the case where Fy, ... , F, form a regular sequence



of Q[€](g)[X] and generate a radical ideal of Q[&](¢)[X]. Nevertheless, for the
sake of clarity we are not going to prove this generalization.

3.1 Properties of the ideal T*)

Let us fix integers ¢, k with 1 </ < gand 1 < k < f,. In order to exhibit our
flatness condition we first need to establish some properties of the ideal Z(*).

Let ZURQ(T)*[Y] denote the (extended) ideal generated by Z:F) in Q(T)*[Y].
In order to describe the zero set of ZHQ(T)*[Y] in A™(Q(T)*), for any pair
(¢, k) let Lyy be the set of pairs (¢/,k’) for which there exists a vector of
Puiseux series associated to the (¢/, k’)—th parameterization which agrees up
to order R with another one associated to the (¢, k)-th parameterization, i.e.

,Cé,k; = {(ﬁ’) ]{;/); e = egr, My = My, (3 Aé—l/ez) (3 /\e—ll/ew)

=0 0y 0\ O e )\ (©)
Z Ok (am))gk (A )T = Z Ok’ (aﬁn))ak' (A )me}
m=my m=myg

The sets L, form a partition of the set of pairs Ui<,<,{¢} x {1,..., fi}.

Lemma 1 The extended ideal ZMQ(T)*[Y] defines a zero-dimensional sub-
variety VEF) of A™(Q(T)*). Furthermore, we have

VNI~ X ol el )l U0 YO TR (K € Lo (7)

PROOF.— From the definition of G(Z’k) ,G{“%) and the parameterization

(EO, X©) it follows that the vector of power series >R a,,(C )( Oypm—F j

a point of V(&%) < A™(Q(T)*). On the other hand, we observe that any pomt
of V%) induces univocally a finite set of points 7 € A™(Q(E)*) such that
F;(€,7) = 0 holds in Q(£)* for 1 < j < n. Since {z € A"(Q(E)*) : Fi(z) =
0,...,F,(%) = 0} has dimension zero (see Subsection 2.2), it follows that
VR must also have dimension zero.

Now we show identity (7). Let V) be the right-hand side of identity (7):

= {3 ol 0 o TR () € L)

m>R

It is easy to see that VR V0 holds. On the other hand, we observe that



any point >-,,>0 b, T™ € VR N Q[T]™ induces a unique parameterization

R—-1
o= (T, Y o (@dDT™ + Y b g T™)
m=my m>R

of a branch of V' lying above 0, and hence a vector of Puiseux series

_1 m
= Y 02@0)eP (N, e 4 S b o )E

m=my m>R

satisfying F;(£,7) = 0 for j = 1,... ,n. Then there exists ({o, ko) such that
T =Y m>my, ,i0)(a§n°))0,(€€°)()x[ol)m/efogm/efo This shows that (€, ko) belongs

0

—1/e erNmm
to Loy and ¢ = (07 AT Sz, by (@), (0, ") ol () 1™)

ko

holds. Then X g b T R =55 1o (al0) “0)()\501/%) O (\Veeympm—R,

m ko

which shows identity (7). =

q

Let us observe that ng’k), ..., G are obtained from F, ... , F, by applying
the mapping \If%’k) : Q[€, X] — QIT, Y] defined by

R-1

VR (F(E, X)) = TaFF<a,(f)()\g)Te‘, Y 00Oy + YTR>

m
m=my

where ap € Z is chosen such that the order of 7" in \Ilg’k)(F ) is zero. In order
to “invert” the mapping \If%’k), up to a power of £, we introduce the following
morphism @%’k) :Q(D)[Y] — Q(E)[X] of Q-algebras:

- 3 Aaen)).

m=my

oD (F(T,Y)) = F(S,E‘R(X

We have £2r @™ (WM (F)) = F(o} (\)€, X) for any F € QIE, X].

Lemma 2 GY““), ., G form a reqular sequence of Q[T,Y].
ProOOF.— Arguing by contradiction, assume that Ggf’k), ..., G do not form

a regular sequence. Then there exists 7 > 2 such that Ggg’k) is a zero divisor
of Q[T, Y]/Z“"), i.e. there exist H, P,...,P;_; € Q[T,Y] such that

j—1 j—1

i (k =7~k =~k = - (0k

HUGP(Fy) = HGYY =3 PG =3 Buy™(F) (8)
=1

i=1

holds in Q[T’, Y]. Applying the morphism @%’k) to the left and right—hand side
members of identity (8) and multiplying by a suitable power of £, we deduce

10



that there exist H, Py, ..., P;_1 € Q[&, X] such that
¢ = ¢
HE; (a7 (\)E, X) =3 PiFi(0) (\M)E™, X) (9)

1=1

holds in Q[&, X]. Identity (9) may be rewritten in the following way:

er—1 er—1 j—1
> EMHF (o (e X) = > & Z PpFi(o (€™ X),  (10)
h=0 h=0 i=1

with Hp, Pip, ..., Pj_1p € Q[€%, X] for 0 < h < e, — 1. Then identity (10)
holds if and only if the following identity

HyFj(of) (M), X ) = ZRhF( M)E, X)

holds in Q[€, X] for 0 < h < e, — 1. This implies that F} is a zero divisor of
the Q-algebra Q[&, X]/(F1, ..., Fj_1), which contradicts our hypotheses. m

Let us remark that Lemma 2 shows in particular that the ring Q[T Y]/Z"*)
is Cohen—Macaulay.

From now on we fix the notations: Jr:=det (8F ) .
0Xj 1<ij<n’

Lemma 3 The ideal I is a radical ideal of Q[T,Y].

PROOF.— Since by hypothesis the morphism 7 is generically unramified, the
Jacobian determinant Jr is not a zero divisor of Q[&, X|/(F1,... , F,). We
claim that the Jacobian determinant Jg is not a zero divisor of Q[T Y]/Z(b).

Suppose that there exist polynomials H, P, ..., P, € QI[T,Y] such that

Hlg =Y BG"Y (11)

i=1
holds in Q[T,Y]. Observe that JF(O'k (Ae)Ee, X) = EQCID%’k)(Jg) holds for a
suitable o € Z. Arguing as in the proof of Lemma 2 we conclude that there

exist polynomials Hy, P}, € @[Eef, X]for0<h<e —1and 1l <i<nsuch
that identity (11) holds if and only if the identity

HyJr (0} (A)E™, X ) = ZPF( )E“,X)

11



holds in Q[€%, X] for 0 < h < ¢, — 1. We conclude that Jp is a zero divisor
of Q&, X]/(F1, ..., F,), contradicting thus the hypothesis on the generic un-
ramifiedness of 7. We conclude that Jg is not a zero divisor of Q[T Y]/Z*).
This implies that the ideal generated by the n x n minors of the Jacobian
matrix of Ggg’k), ..., GYR) with respect to T,Y1,...,Y, has codimension at
least 1in Q[T,Y]/Z“®. Since Q[T,Y]/Z*" is a Cohen—Macaulay ring, from
[24, Theorem 18.15] we conclude that Z(*) is radical. =

3.2 The unramifiedness of the morphism w“*) at T = 0

In what follows, we shall use the following terminology: For a given polynomial
G eQ[T,Y]:=Q[T,Yi,...,Y,], let us write G(T,Y) = T%g(Y) + G, where g
is a nonzero polynomial of QY] and G € Q[T,Y] has at least a + 1 order in
T. The polynomial g(Y) is called the initial form of G and is denoted in(G).

Let usfix /,k e Nwith 1 </ <gand 1<k <ep. We are going to show that
the morphism 7(“%) : V(&R — Al defined by 7(“*)(¢,7) := t is unramified at
every point of the fiber (7(“*))=1(0). For this purpose, we are going to prove
that for any point b € (7(“*))=1(0) there exists a unique holomorphic branch
of the curve V%) passing through b, and b € (7(**))=1(0) has multiplicity
1 in this branch. This is equivalent to showing that the zero—dimensional
affine variety defined by the (initial) ideal in(Z“®)) c Q[Y] generated by the
set {in(F) : F € "} has as many points as the number of holomorphic
branches of V(“*) passing through points of (7(“*))=1(0), namely #(V(M) N
Q[T]"™) with the notations of Lemma 1. This is the content of our next result.

Proposition 4 Let WR) denote the affine subvariety of A™ defined by the
ideal in(Z“F)). Then the following identity holds in A™:

1

WD = {01 (el )il OB ) (€, 17) € Lo

_1 1
PROOF.—  Let WM = {0’ (afs oy, (N, ) RalV (N = (07, k") € Lo}
We want to show that WER) = J7/(6F) holds.

We first prove the inclusion W) > WER  Let b € WER and let F € TR,

Then there exists (¢, k') € Ly . such that b:J,gz,/)(a%/))a,g,,)(/\z,l/eé')Iia,g)(/\yel)R
holds. Let us write F' = T in(F)+F, with in(F) € Q[Y]\{0} and F € Q[T, Y]
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of order at least @ + 1 in 7. From Lemma 1 we have

0= F(T,2nsr 00 (0o w e (A )mTmR)
= T%in(F)(of, (af ol (A ,ee’)Ra,g“(AgwR)+Ta+1f(T)
= Tin(F)(b) + T F(T),

with f € Q[T]. Then in(F)(b) = 0, which shows the inclusion W &R o T (EF),

In order to prove the converse inclusion, let U € Q[X] be a generic linear form,
i.e. a linear form whose projection polynomial m, € Q(&)[Z] has degree D
(see Section 2.1). For 1 <i < D, let U® be the element of Q(€)* defined by
U@ .= U(2®), where {x(M) ...  2(P)} denote the classical Puiseux expansions
of the branches of V' lying above 0. Let u be the rational function induced by
U in Q(V). Observe that [[2,(Z — U®) annihilates u in the zero-dimensional
Q(&)*algebra Q(£)*®Q(V). Taking into account that [, (Z —U®) belongs
to Q(£)[Z] (see [23]) and has degree D in Z, we conclude that m, = [[2,(Z —
U®) holds. This shows that UY) £ U® for 1 < j < k < D and we have the
following expression for m,,(Z) in Q(€)*[Z] (compare [23]):

T (Z - 5 vea)do e,

(=1k=1j=1 m>my

where aif), cee J%) range over all the morphisms of the Galois group of the field

extension Q — K ©® and )\Z_l/ “ & denote an e,—th root of )\[1 and a primitive
e/~th root of 1. From [23, Theorem 2], we deduce that, for 1 < ¢ < g,

fe fe er 1 . m
m{ =T m =] ( 11 (Z_ > U(“I(f)(a%))>az(f)()\e b )m5§m5§>> (12

k=1 k=1 \j=1 m>my

is an irreducible polynomial of Q((£))[Z], and, for 1 < k < f;, m{®* is an
irreducible element of Q((£))[Z] satisfying

€¢

i (00T, 2) =T (2= ¥ U(e’@)@nr).  (3)

Jj=1 m>my

For 1 </ <gand1l<k<f, let us consider the morphism of Q-algebras

Tt QE)[X] — QT)IY]
F(E,X) — F(eP0)T Y o (a®)T™ +YT").

m
m=my

Let us fix ¢/, k" with 1 < ¢’ < gand 1 < k' < e;. Applying the morphism

13



%% to the polynomial m{¢"*" (£, U(X)), from identity (12) we obtain:

€yt R—

T (mlt+(&,U(x)) ) = H(Z U (o (@) T + U(Y)T"-

j= 1 m=my

- > U0 @l))or” %')%;&”(Aﬁ)%ﬁmﬁ’[)-

m>my

This identity shows that all the factors of \fl%’k) (mq(f/’k/) (5 LU(X ))) have order
at most R and the coefficient of the least nonzero power of T" arising in the

Laurent series \If%’k) (mgfl’k') (5, U(X))) € Q[Y)(1) is

1 1 _
— either of the form aU (Y=o, (a' NN, ) Bol? (X, ) R) with o € Q\ {0},
in case that (¢/,k’) € Ly holds,

— or a nonzero constant o € Q otherwise.

We deduce that the coefficients of the least nonzero power of T" arising in the
following elements of Q[Y]((T)):

WO w0 v0)), BT ml (. u0)),
(87 k")ELyk (k"¢ Lok
are of the form o [], _gen U1 (Y —b) € QY] with a € Q\ {0}, and a constant
a € Q\ {0} respectively. We conclude that the following identity holds:

in(U? (mu(&,U(X))) =a [[ UK -b) (14)

bEW (£.)

Since m,(E,U(X)) € Z(V), we conclude that there exists o € Z such that
TowG" (m,(€,U(X))) € T, Then in( W™ (mu (€, U(X)))) € in(ZE),

Now, let Uy, ... ,U, be Q-linearly independent generic linear forms. Repeating
the previous arguments with Uy, ... ,U,, from identity (14) we conclude that
W &R is a zero-dimensional subvariety of A™. Furthermore, we have

deg W) < deg WP < deg ( J] Ui(Y —b)) = #(WED).

bEW (E:k)

This shows that H(WERY = L (W ER), Therefore, taking into account the
inclusion WER) ¢ WER) | we see that WER) = W ER) holds. [

Now we exhibit a flatness condition which assures that any point of the
fiber (7(“*)=1(0) is (GVM, ... G¥M)-smooth. For this purpose, we intro-
duce the notion of standard basis (see [20]). A set {G1,...,Gs} C Q[T,Y] =
Q[T,Y1,...,Y,] is called a standard basis (of the ideal I they generate) if the
ideal (in(G1),... ,in(G,)) generated by the initial forms of Gy, ... , G, in Q[Y]

14



agrees with the ideal in(I) := (in(G) : G € I) generated by the initial forms
of all the polynomials G € I.

Theorem 5 Let notations and assumptions be as above. Suppose further that
ng’k) (T,Y),...,GER(T,Y) form a standard basis of the ideal T“®). Then the
Jacobian determinant Jg does not vanish at any point of (7(“*))=1(0).

PROOF.— Since G’gg’k), ..., G form a standard basis of ZF) we see that

(79)=1(0) = {0} x V(GI"™(0,Y),... ,G{P(0,Y)) =
= {0} x V(in(G{™), ... ,in(GM)) = {0} x WD

holds. From Proposition 4 we see that for any b € W*) there exists a unique
vector of power series ¢ € Q[T such that ©(0) = b and Gk (T, ¢) = 0 hold
for 1 < i < n. Then [3, Lemma 3| shows that Y = b has multiplicity 1 as a
zero of the ideal generated by Gi““)(o, Y),..., GYR(0,Y). Therefore, Jg does
not vanish at any point (0,y) € (7(“*)=1(0). o

3.8 A global Newton—Hensel lifting

As expressed in the introduction, our purpose is to solve (in the sense of
Subsection 2.1) certain specific polynomial equation systems by means of de-
formations. Applying a suitable variant of the so—called Shape Lemma (see
[43], [56], [33]), polynomial equation solving can be efficiently reduced to the
problem of computing generic linear projections. In our context, this problem
can be stated as follows:

Lifting of a projection: given a set {(EM, XM), ... (£® X))} of parame-
terizations of V', whose orbits under the action of the Galois group of Q/Q
form a system of rational Puiseux expansions of the branches of the curve V'
lying above 0, and a generic linear form U € Q[X]|, compute the projection
polynomial m,, € Q(&)[Z].

Let us fix ¢ with 1 < ¢ < g and let S, 55 be indeterminates over Q. Let q¥
be a monic irreducible polynomial of Q[S;] of degree f, = [K¥) : Q] such that
there exists a Q-isomorphism of fields T, : Q[S1]/(¢'”(S1)) — K®. For any
m>mgand 1 < j <n,let fO, ffnz)] be the (unique) polynomials of Q[S;] of
degree at most f; — 1, such that Yo(f©) := A\, ' and Y,(f¥) := a!” . Finally,

m?j.

let p¥ € Q[S), S2] be the polynomial p¥) := S5* — f©(S)), and let

WO = {(s1,50) € A% : pD(s1,55) = 0,¢(s1) = 0}. (15)

15



It is easy to see that W is a zerofdimensional variety of degree deg W) =
eofo. 23] shows that the field K is the field extension of Q generated by the
coefficients a ) for 1 < j < nand my < m < R. In particular, K is the
minimal ﬁeld extensmn of Q@ containing the coefficients of the singular parts
of the given set of rational Puiseux expansions.

For k > R, let w9 = 3¢ U(f{9(51))(ST)™ € Q(S1,5:,T) and let

Xutwo € Q(T')[Z] denote the characteristic polynomial of the projection Wil&,g) :

A x WO — A? defined by Wifl’g)(t, s1,82) := (t,u™D(t,s1,55)). We have

oo = T (2= 3 0(eWD) (€005

k=1j=1 m=my

Observe that if the norm in the field extension K (o (¢ )( , e )T)/Q(T*) is
extended to polynomials, then x,, . is the norm of Z—3"" U(a'9) /\;1/ cem .

This shows that Y, is an element of Q(7)[Z].

m=my

Before continuing, we introduce the following terminology: for G, G € Q((€))
and any s € Z, we say that G approzimates G with precision s in Q((&)) if the
Laurent series G — G has order at least s + 1 in £. We shall use the notation
G = G mod (£5T1). Furthermore, if G, G are two elements of a polynomial ring
Q((&)[Z], we say that G approximates G with precision s if every coefficient
a € Q&) of G approximates the corresponding coefficient a € Q((€)) of G
with precision s (in the sense of the previous definition).

From identities (12) and (16) we easily deduce that the congruence relation
my) (T, Z) = xywo (T, Z)  mod(T0meeedit) (17)

holds in Q((T"))[Z], with 0y := —1 for my < 0 and dy := 0 otherwise. Taking

into account that x,w.0 (7, Z) is an element of Q(7*)[Z], replacing T by &

in (17) we obtain the following result:

Lemma 6 For any k > R, X0 (EV, Z) € Q(E)[Z] approzimates the poly-
nomial m{¥ (€, 7) € Q((&))[Z] with precision L%”Z’”emj in Q(E)[Z].

Now we state our version of the global Newton—Hensel lifting.

Theorem 7 Let hypotheses be as in Theorem 5. Let be gzven k > 0. For
1<j<n,let G be the following element of Q[Sy, S, Sy, T,Y]:

R—1
GO(S), 8, T,Y) = T F, (T S FO(8)(ST)™ + YTR>.

m=my
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Let N be the Newton—Hensel operator associated to Ggg), e ,Ggf), namely
oGt
New(Y) =Y — ( o ) (GO, qoy, (18)
7 71<i,5<n

where t denotes transposition, and let N denote the rk—th fold iteration of
Naw . Finally, let

( Z A% 2T)™ + N (S1, 2, T, 1, (S1)S5) 7™

m=my

N———

and let Xz ew € Q(T)[Z] be its characteristic polynomial. Then Xz (
approzimates the polynomial m®) with precision | F== ‘SOZLZ”MH | in Q(( ))[

PROOF.— Let (s1,s;) be a point of the variety W . Then there exists a
(unique) pair (k,j) with 1 < k < f,and 1 < j < e, such that fO(s;) =
oA, 52 = o (0 ) and fO(s1) = 0\”(a®) hold for m, < m < R.
This implies that the following identity holds in Q[T,Y] for 1 <i < n:

GEZ)(sl, $9,T,Y) = sgjer(-e’k)(ng, 55 Y. (19)

Let us observe that s; a,i)( %)) € A" belongs to the affine variety defined
by G(l (51,52,0,Y),...,GY(s1,55,0,Y). Furthermore, from Theorem 5 and
identity (19) we conclude that Je« (T,Y):= det(@Gge)/an)lgi’jgn(sl, 59, T,Y)
does not vanish at (0,350,(5)((1%))) € A" and hence Jg) (T, s?a,(f)( ;))) is
a unit in the local ring (Q[T7], (T)).

From Hensel’s Lemma (see e.g. [24]) in the version of [39] we deduce that the
following congruence relation holds in Q[77":

N (s1,50, 7o) (a)sy') = Y 0 (al)sg 7" mod (7).

m>R

Therefore, we obtain

R-1 e

U( Z f( )(51)(32T + Ngo (81,52,T Uk %))Sg)TR) =
m=my
( O (s,T)™ ) mod (772",
m>m4

which implies @ M)(31, S0, T) = wB-1425 Z)(S $9,T) mod (TR,

Lemma 6 shows that y,m-1+20¢ (£, Z) approximates m{¥) in Q((£))[Z] with

precision | == 507:;6””2 |. Therefore, X0 (Y%, Z) also approximates m")

in Q((€))[Z] with precision | Z=1= ‘sozzlem“ |. This proves the theorem. n
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3.4 Unramifiedness and flatness conditions

All the hypotheses of Theorems 5 and 7 are fairly “geometric” in nature,
and hence reasonable assumptions from our point of view (compare [39]),
except perhaps for the standard basis requirement. Nevertheless, this is not
an arbitrary “algebraic” requirement, as shown by the following result:

Lemma 8 Let notations and assumptions be as in Lemmas 1, 2 and 3. Sup-
pose that the morphism ©“*) is unramified at T = 0. Then Gﬁ"’“), ., GUER)
form a standard basis of the ideal TR,

PROOF.— Let x € A""! be a point of the fiber (7(“*))~ (O) Let (Oyen) o, My)
denote the local ring of the point z on the variety V“* and let (Ou1, o, mg)
denote the local ring of 0 on A'. Since 7(“*) is unramified at 7' = 0, we have

mg = (77)* (mo) (20)

for any xz € (7“*))=1(0), where (7(“®)* denotes the local homomorphism
(7 &R))* 2 Opr g — Oyien , induced by the morphism 7(4%).

Identity (20) implies that the morphism d,x(“*) : Tywr , — Ta1 o of tangent
spaces is injective [22]. We deduce that the dimension dim(7y«x ,) of the
tangent space Ty , of VR at x is at most 1. Taking into account that
V) is an equidimensional variety of dimension 1 (Lemma 2), we conclude
that dim(7y s ,) = 1. Therefore, x is a smooth point of V &+,

Identity (20) shows that the quotient ring Oywr ,/(r*")*(mg) is a zero-
dimensional Q-algebra. Let us observe that Oy, is a Cohen—Macaulay
ring (because it is a localization of a Cohen—Macaulay ring), the local ring
Oa1,o is a regular ring and the identity

dim OV(Z,I@)J: = dim OA170 + dim Ovu,k),x/(ﬂ(g’k))*(mo)

holds. Then applying [48, Theorem 23.1] we conclude that the local homomor-
phism

(W(g’k))* : OA1’0 — Ov(z,k),gﬂ (21)
induced by 7% is flat.

We observe that the localization Q[V¥)] . is a semilocal ring, whose max-
imal ideals correspond to the maximal ideals m, induced by the points x
of (m(k))~ (0) Therefore, since the morphism of (21) is flat for any point
x € (7“*))=1(0), applying [48, Theorem 7.1] we conclude that

(w9)*: QA g — QV ],
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is flat, i.e. 7(“%) is flat at 7' = 0. Therefore, from [5, Part I, Proposition 3.1] (see
also [6]) it follows that any syzygy (hi,...,h,) € Q[Y]" of the polynomials
GIM0,Y), ... ,GER(0,Y) “ifts” to a syzygy (Hi,...,H,) € Q[T,Y]" of
GI'® . GER) e for 1 <i < n the identity H;(0,Y) = h;(Y) holds.

Now we adapt the contents of e.g. [49] to our setting. For F' € Q[T,Y], let
or(F') denote the highest power of T" dividing F'. We claim that any polynomial
G € I has a representation

G =3 HG"™Y (22)

=1

with order op(H;) > op(G) for 1 < i < n. Let G € I" be a polynomial
with a representation G = 7' | HiGgé’k). Let o :== min{or(H;) : 1 < i < n},
and suppose that o < op(G) holds. Let J be the set of indices i for which
a = op(H;) holds. Then the identity

ST H) (0, V)G (0,Y) =0

eJ
shows that (hy,...,h,) € Q[Y ]”, With h; == (T-*H;)(0,Y) if i € J and
h; := 0 otherwise, is a syzygy of Glt (O, Y),...,G%*(0,Y). Then there exists
a lifting (Hy, ..., H,) € Q[T,Y]" of the syzygy (hi,... ,hn), and we have:

GZZ(H T*H)G,

=1

with or(H; — Taﬁi) > « for 1 < i < n. Repeating this argument at most
or(G) times, we conclude the validity of our claim.

Finally, let G € Z(**). Then we have a representation of G as in (22), with
order or(H;) > or(G) for 1 <i < n. Let J be the (nonempty) set of indices
i for which or(G) = or(H;) holds. Then we have

in(G) = (T~7DG)(0,v) = Y (T77 @ [;)(0,Y) - GV (0,7)
ieJ
=3 (T D H)(0,Y) - in(GEY).

ieJ

This shows that ng’k), ..., G%R) form a standard basis of the ideal Z(*). m
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4 Algorithms and complexity estimates

Let notations and assumptions be as in Section 2.1. Let ¢ := deg V' denote the
degree of the variety V', and let D := deg 7 denote the degree of the morphism
7 :V — A!. Suppose that we are given a straight-line program 3 computing
Fy, ... F, with space § and time 7.

Let S1,.55 be indeterminates over Q. With the notations of Section 3.3, for
1<t < gand my <m < R, let q(g),f(e),féf?l,.. O ¢ Q[S)] and pe) €
Q[S1, Ss] be polynomials defining the system of ratlonal Puiseux expansions
of the branches of V' lying above 0 of Section 3.3. In particular, we have the
estimates deg(¢®¥)) = f;, deg(f) < f, and deg(f,(,i)i) < fofor 1 <i<n,and
the singular parts of the (classical) Puiseux expansions of the branches of V'
lying over 0 are given by

g R
UL 3 s ) s) =) =0f, (28
/=1 m=my

where f\0 := (fg?l,... ©) € Q[Si]". Let U € Q[X] a generic linear

form, i.e. a linear form whose projection polynomial m, € Q(&)[Z] satisfies
deg, m, = D. Then identity (12) of Section 3 shows that m, has the following
factorization into irreducible factors in Q((&))[Z]:

=TT =TT (T (2-S0 (o)l 07 g ) ) 21

/=1 k=1j=1 m>my

In this section we exhibit an algorithm which has as input the straight-line
program 3 and the dense representation of p(, ¢@, f(), fﬁf’)l, S for 1<
¢ < gand my <m < R and computes a geometric solution of V.

Let us fix £ with 1 < ¢ < g. The critical part of our algorithm is a procedure
which computes a suitable approximation MY € Q(&)[Z] of the polynomial
m!Y € Q(&))[Z]. This procedure applies our variant of the global Newton—
Hensel lifting of [30] and [28], based on Theorem 7. For this purpose, we shall
deal with the variety W of (15), namely

WO = {(s1,5:) € A% : ¢“(51) = 0,p9 (51, 50) = O}

From the fact that degW® = e, f, holds, we easily conclude that S, is a
primitive element of the Q-algebra extension Q — Q[W¥)]. Therefore,we
have a geometric solution of W of the form

om
W(Z) {(51, 82) €A m(si)(sﬂ =0, s; aZSQ (52) - U(é)(32) = 0}7 (25)
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where mgg € Q[Z] is the minimal polynomial of Sy in the extension Q —

Q[W®] and v'¥ € Q[Z] satisfies degv® < deg W

In the sequel, time—complexity estimates will be given using the standard “soft-
Oh” notation O which does not take into account polylogarithmic terms.

Lemma 9 There exists a computation tree computing the geometric solution
(25) of WO with space O(e,f?) and time O (eof?).

PrRoOOF.— Let us suppose first f; = 1. Then we may assume without loss of
generality ¢/ = S;. Furthermore, we have ) € Q\ {0} and p¥) = S5* — f)

Therefore, m(;) =p = Ze — fO and v® = 0 yield in fact the geometric
solution of W we are looking for (and we have nothing to compute).

Now suppose that f; > 1 holds. Let us introduce a new indeterminate A,
and let us consider the linear form £ := AS; + Sy € Q[A][S1, So]. It is easy
to see that £ is a primitive element of the integral ring extension Q[A] —
Q[A] ® Q[W ], with minimal equation

my)(Z) = Ress, (¢"(S1),p"(S1,Z — AS))), (26)

where Resg, (f, g) denotes the resultant of f and g with respect to S;. Follow-
ing an idea originally due to [44] (see also [47, 11.21], [54], [2], [56], [33]), we
have a congruence relation:

¢
0m(52)

07

mﬁf><Z>=m<§3<Z>+A(sl <Z>+@<f><2>) mod (A?),

with o e Q[Z], deg ™ < epfy and Sy(ImS) /0Z)(S,) + 50(S,) € I(W®).
Then mS and v¥ := —5 can be obtained from the resultant of the right—

hand side of identity (26) modulo A%. Using interpolation in the variable Z,
this computation can be performed with space O(e,f?) and time O (e, f7). =

Our variant of the global Newton—Hensel lifting requires the R-th “initial
approximation” of m{¥ given by the following expression (compare with (24)):

mo 2= (2= 3 vl @)l 0 rgrr). e

k=1j=1 m=my

Lemma 10 There exists a computation tree which takes as input the polyno-
mials p9, ¢, O, f,(,ff)Z (1 <k<n), mgi), v which define the {~th expansion
of the given system of rational Puiseuzr expansions of V and form the geomet-
ric solution (25) of W®), and computes the dense representation of m{® with

space O(Rye,fy) and time O™ (Ryel f2), where Ry := (R — my)eofo + 1.
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PROOF.— From the definition of m{") and the variety W we easily see
that T—meecfen(O)(Tee T™: 7) equals the characteristic polynomial x; of the
polynomial @(T,Sy,S82) = S E_ U(f{9(S1)) S5 T™=™ in the Q-algebra
Q[T ® QW ®] = Q[A! x W®]. Let us observe that Sy is a primitive element
of the extension Q[T'] — Q[A' x W®)] and the input polynomials m(;j,v“)
also yield a geometric solution of the variety A' x W,

In order to compute the dense representation of x, we use a straightforward
adaptation of the algorithm of [40, Lemma 3]. Let M € Q(e¢/e)x(eefo) be the
companion matrix of the polynomial mgqi) . Then the characteristic polynomial
of the matrix N := @(T, v (M), M) equals the characteristic polynomial x.

Let us suppose first that R = m, holds. Then x; is a pseudo-homogeneous
polynomial whose coefficients can be computed using [40, Lemma 3] with
space O(egfy) and time O~ (e?fZ). On the other hand, if R # my, taking into
account that the algorithm manipulates polynomials in T" of degree at most
(R — my)epfr, and the fact that the polynomial mgg) (Z) does not depend on
the variable T, we conclude that the procedure underlying [40, Lemma 3]
can be executed using space O((R — my)elf?) and time O ((R — my)el f3).
In conclusion, we see that the procedure takes in both cases space O(((R —
mye)egfeo + 1)egfg) and time O~<((R — my)eofo + 1)e§f£2). Finally, taking into

account that the dense representation of m{”) can be immediately obtained
from that of x; finishes the proof of the lemma. »

Now we can describe the algorithm computing an arbitrary approximation
in Q(€)[Z] of the polynomial m{? € Q((£))[Z]. This algorithm applies our
variant of the global Newton—-Hensel lifting (Theorem 7), combined with an
adaptation of the procedure of [33, Proposition 7]. For this purpose, following
Theorem 7, let Y7,...,Y, be indeterminates over Q, let Y := (Yi,...,Y}),

and let us define Gge), ..., GY QS S5, S,, T, Y] by:

R-1
ng) = T, (Te/z7 ST FOS)(S.T)™ + YTR> : (28)

m=my

Proposition 11 Let us fir kK > 0. Then there exists a computation tree which
takes as input the polynomials p©, ¢, £, fg)l (1<k< n),mgz), v which
define the {—th parameterization of the given system of rational Puiseux ex-
pansions of V' and form the geometric solution (25) of W), and computes an
approzimation " € Q(E)[Z] of mY) in Q(&)[Z] with precision fRe—t’ﬂ +1
and parameterizations of Yi,...,Y, in terms of the linear form U up to order

(RG—TW + 1, with space and time

O(neefz(Se(HMoWezﬁ)JrRe)) and O™ (nee fi(T+n*) (s+omeec fi+(Re=1)es f2))
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respectively, where Ry := (R — my)egfs + 1, 6o := —1 for my < 0 and §p := 0
otherwise, and Sy, T, denote the space and time complexity required for the
evaluation of the polynomials Gﬁf), GO,

PROOF.— Theorem 5 shows that the Newton operator Ny of (18) is well
defined at fg)(sl)sf for any (s, s2) € W, Then Theorem 7 shows that from
the 7 := [logy(k + domyees fr + 1)]-fold iteration of the Newton operator Ng
we obtain a rational function 7, € Q(&)[Z] which approximates m{") in Q((&))
with precision LRE—TJ

In order to compute m, (7%, Z) we use an adaptation of the procedure of
[33, Proposition 7]: we start with the initial approximation provided by the
polynomial M) of (27) and parameterizations of Xi,...,X,, in terms of the

linear form U up to order R+1, i.e. elements 3\, .. . o of Q(£)[Z] such that

8?5 (Te, ) X; = ¥ (Te,U) mod (TH+ m® (T U)). Then we perform 7

steps of the global Newton—Hensel lifting of [33, Proposition 7] applied to the

polynomials ng), ., GO,
Applying Lemma 10 we obtain the polynomial m{” of (27) with space
O(Ryeyfy) and time O~ (Ree? f2). Combining Lemma 10 and the formulae of
e.g. [2], [56] or [33] as in the proof of Lemma 9 we obtain the parameteriza-
tions of Xi,..., X, in terms of U up to order R+ 1 with space O(nRyeyfr)
and time O~ (nRel f7).

Now, applying [33, Proposition 7] we obtain an approximation of m{) with
precision R+ +1in Q((7)[Z] and parameterizations of X7, ... , X, in terms
of U up to order R + k + 1 with space and time

O(negfg(Sg(/—f+5omgegfg)+Rg)> and ON(negfg(']Z+n4)(/<;+5omgegfg+Rg)),

respectively. Since m{)(T°, Z) and the parameterizations of X;,...,X,, in
terms of U are elements of Q((7))[Z], replacing T by £ we obtain m{) and
the parameterizations of Xi,...,X,, in terms of U up to order LRG—J;"‘J + 1.
Adding the complexity of each step of our procedure the proposition follows.
]

Now we state the main result of this section:
Theorem 12 There ezists a computation tree in Q[E, X] which takes as input
the straight—line program (3 defining the polynomaials Fy, ... , F, and the given

system of rational Puiseux expansions and computes a geometric solution of
V' with space and time

g g
0<H5Z€§J%(Sz(5owﬁ+1)+&)) and O(Y_ne} i T+n*) (0+0ome fit-(Re—fy) )
/=1 /=1
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respectively, where Ry := (R — my)egfs + 1, 6o := —1 for my < 0 and §p := 0
otherwise, and Sy, T, denote the space and time complexity required for the
evaluation of the polynomaials Gﬁ”, .., G of (28). Furthermore, for any p >
2, such a computation tree can be randomly constructed with a probability of

success of at least 1 — o= > 3

PrROOF.— Let U € Q[X] be a generic linear form. Let us fix p > 2. Using
the Zippel-Schwartz test (see [59], [68]), we conclude that the coefficients of
U can be randomly chosen in the set {1,...,4pnD?} with a probability of
success of at least 1 — %p > %, where D := deg .

Let 6 :=degV. Applymg; Proposmon 11 for 1 < ¢ < g with k := 3e,0 — R, we
obtain elements 77! , O (1 <0< g) of Q(&)[Z] such that:

(1) m{ (5 7Z) =m® (&, Z) modulo (£¥+1),
(2) 2 (£, U)X, = 8(&, U) modulo (271, mP(E, 1)),
(3) degZ mgf) < eyfs and deg, vl@ <efr—1forl1<i<n.

These polynomials can be computed with space and time
g g
o(mZeg 1o(Se(ame ﬁ—i—l)—i—Rg)) and O(>_ne? fi(T+n")(5+8ome fit (R—1) ).
=1 =1

Let vy, ... , v, be the elements of Q(€)[Z] parameterizing Xi,..., X, in terms
of the linear form U in V/, i.e. satisfying 22(&,U)X; = v;(£,U) mod (V') for
1 <i < n. From [58, Proposition 1] we see that the orders og(my,), 0e(v1), ...,
og(vy,) are bounded from below by —d. Combining this observation with prop-
erties (1), (2), (3) we conclude that the following congruence relations hold in

Q&) [Z):

My = [19_, m¥ = m, mod (£%+1),

. A (0 A
Ui 1= Y1<i<g (Hz/# m&”) ’Ui( ' = v mod (&24).
Using fast procedures for multiplication and Chinese Remainder Theorem (see
e.g. [9]), we compute the polynomials 7, 01, ... , 0, using space O(ndD) and
time O™ (ndD).
Taking into account the estimates
deg, m, = D, deg,v; < D—1, (1 <i<n),

degem, < 0, degev; <6 (1 <i<n),

(see [58]), we conclude that m,,v,...,v, can be computed from the trun-
cated Laurent series m,, 1, ... , 0, using Padé approximants. More precisely,
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by interpolation in the variable Z we reduce the computation of the polyno-

mials m,,, vy, ... ,v, to at most (n + 1)D problems of Padé approximation of
degree at most §. Thus, using a fast algorithm for computing Padé approxi-
mations (see e.g. [9]), we conclude that the polynomials m,, vy, ... , v, can be

computed using space O(ndD) and time O™ (ndD). Adding the space and time
complexity of each step of our procedure we deduce the complexity estimate
of the statement of Theorem 12. [

Let us make here a few remarks concerning the hypotheses and complexity
estimates of Theorem 12. First we observe that the parameters S, and T, can
be estimated by O(S+n) and O~ (7 +nRy) respectively, where S and 7 are the
space and time complexity of the straight—line program computing Fi, ... , F,.
Then we have the worst—case estimates O(n*S6D*) and O~ (n*7T§D*) for the
space and time complexity of the procedure underlying Theorem 12. Never-
theless, these estimates can be improved in several important cases, such as
that with R = my and Q[&]s) — Q[V](e) an integral extension. In this case
we have the estimates O((S + n)ndDe) and O~ ((T + n*)ndDe) respectively,
with e := max{e, : 1 < /¢ < g} (see Subsections 5.3 and 5.4).

Theorem 12 generalizes the results of [39] and [58] in the unidimensional case.
More precisely, in case that the “known” m—fiber is unramified, our space and
time complexity estimates are O((n + S)ndD) and O~ ((n* + 7)DJ), which
improve the estimates of [39] and have the same asymptotic behaviour as
those of [58].

The algorithm underlying Theorem 12 proceeds by computing a suitable ap-
proximation of the factors m{) of the minimal polynomial m, = [li<e<g m{®
of the linear form U. Observe that for 1 < ¢ < g the polynomial mg) is an ir-
reducible polynomial of Q((£))[Z] (see Section 3). In this sense, this algorithm
constitutes an improvement of the refinements described in Section 3 of [39]
(based on the factorization of the polynomial m, in Q[£, Z]).

The singular parts (23) can be efficiently computed from the input polynomials
Fy, ... F, and a geometric solution of an unramified fiber of the morphism 7,
by a suitable combination of the following algorithmic tools:

e A Newton polygon algorithm for computing the singular parts of a system
of rational Puiseux expansions as in [23] or [66].
e A projection procedure for unramified fibers as in [58].

The asymptotic space and time complexity of such a procedure is roughly
O (D*+¢?) and O™(D®+¢?) respectively, where g denotes the geometric degree
of the system Fi,...,F, (in the sense of [28]). Observe that the estimates
D < § < p hold. Nevertheless, as we are only interested in particular cases
where the singular parts can be immediately generated (see Subsections 5.3
and 5.4), we are not going to use this procedure.
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5 Examples

In this section we apply our algorithmic method in order to compute a geomet-
ric solution of certain zero—dimensional polynomial equation systems. In Sec-
tion 5.1 we treat the case of Pham—Brieskorn systems. In Section 5.2 we treat
a family of systems which arise from a semidiscretization of certain parabolic
differential equations with nonlinear source terms and nonlinear boundary con-
ditions. Finally, in Section 5.4 we treat a generalization of Reimer systems,
which we called generalized Reimer systems.

In all the above cases, we “deform” the polynomial equation system under
consideration to a one—dimensional polynomial equation system satisfying the
hypotheses of Theorem 7. Then the algorithm underlying the proof of Theorem
12 yields an efficient procedure to compute a geometric solution of the original
zero—dimensional polynomial equation system.

5.1 Pham-—Brieskorn systems

Let us fix n,d € N. Let ¢g1,...,9, € Q[X] := Q[X1, ..., X,] satisfy deg(g;) <
d and g;(0,...,0) # 0 for 1 < i < n. Let us define fi,..., f, € Q[X] by:

fl ::Xf_glu"'mfl :Xg_gn <29>

A system of this form is called a Pham—-Brieskorn system (see e.g. [34], [35],
[11], [53]). It is easy to see that fi,..., f, form a regular sequence of Q[X]
and generate a radical ideal of Q[X]. Therefore, fi,..., f, define a zero—
dimensional affine subvariety V of A™. Our aim is to compute a geometric
solution of this variety V.

Let £ be an indeterminate over Q and define Fi,... | F, € Q[&, X]| by:
Fo=X'—Eg, ..., F, =X~ E&g,. (30)

Let V be the affine subvariety of A"*! defined by the polynomials F, ... , F,,
and let 7: V —>£&1 be the morphism defined by 7(e,x) = €. We observe that
71(1) = {1} x V and 7~1(0) = {0} € A" hold.

In Section 5.3 we exhibit an algorithm which computes a geometric solution
of the variety V. Furthermore, specializing the polynomials of Q[€, X| which
constitute this geometric solution into the value £ = 1 we shall obtain a
geometric solution of V.
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5.2 Systems coming from a semidiscretization of certain parabolic differential
equations

In this section we consider a family of polynomial equation systems which
arises in the analysis of the stationary solutions of a numerical approxima-
tion, obtained by a semidiscretization in space, of certain parabolic differential
equations with nonlinear source terms and nonlinear boundary conditions (see
e.g. [13], [25]).

Let us fix n,d € N with d > 2. Let T be an indeterminate over Q, and
let g,h € Q[T] \ {0} satisfy deg(g) < d and deg(h) = d. Let us write h =
aTe+ hi(T) with a # 0 and deg(h;) < d. Let fi,..., f. be the polynomials of
Q[X] := Q[Xy,...,X,] defined in the following way:

fi =2(n— 1)2(X§i - Xfl) —9(Xy),
foi= (n— D2(XE, —2X0 4 X0 ,) —g(X), (2<i<n—1) (1)
foi=2(n = (X4 — X3) +2(n — Dh(X,) — 9(Xa).

An important case of study is that of the stationary solutions of the porous
medium equation with nonlinear source terms and nonlinear boundary condi-
tion (see e.g. [41], [17]). Typical discretizations of this problem lead for example
to instances of system (31) with h:=T? and g := T (see e.g. [25]).

Let V be the affine subvariety of A™ defined by the polynomials fi, ..., f,. Our
aim is to exhibit an efficient algorithm which computes a geometric solution of
the variety V. For this purpose, let f := (f1,..., fa), €n := (0,...,0,1) € Q",
G = (9(X1),...,9(X,)), and X? := (X& ..., X9). Let A € Q™" be the

following nonsingular tridiagonal matrix:

-2 2
1-2 1
A= (n—1)?
1-21
2 -2+ 2%
Then the polynomials fi,... , f, can be expressed as:
fr=A4- (X" +2(n—1)h(X,)el, — G, (32)

where ! denotes transposition.

In order to solve the system defined by the polynomials in (32), we introduce
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a new indeterminate £ and consider the following polynomials of Q[€, X]:

(F1, . F) = A(XD € (20— 1)y (X)el =G ) —2(n—1)E(1—E)e/.
(33)

Let V be the affine subvariety of A" defined by the polynomials F1, ..., F,
and let 7 : V' — A! the morphism defined by 7(e,z) = . We observe that
771(1) = {1} xV and 771(0) = {0} € A", Since the matrix A is nonsingular,
multiplying both sides of (33) by A~ we obtain the following polynomials,
whose zero set also defines the variety V:

(Fiy. Fo)t o= (XD 4+ EAT(2(n — Dha(Xo)el, — GY) — E(€ — 1t (34)
where v := "2—;1(1, ..., 1). In Section 5.3 we exhibit an algorithm computing a
geometric solution of the variety V. By specializing the polynomials of Q[€, X]|
which constitute this geometric solution into the value & = 1 we shall obtain
a geometric solution of our input variety V.

5.3 A common approach to both examples

In this section we describe an algorithm which finds a geometric solution of
the variety defined by any system of the form (30) and (34). Then, we shall
specialize the polynomials of Q[€, X| which form such geometric solution into
the value £ = 1 in order to obtain a geometric solution of the variety defined
by the corresponding system of the form (29) and (31).

Let us fix n,d € N. For 1 <i <n, let H; € Q[E, X] satisfy deg H; < d—1 and
a; := H;(0,0) # 0. Suppose further that we are given a straight—line program
computing the polynomials Hi, ... , H, using space S and time 7.

For 1 <i < mn, let us define F; € Q[&, X] by the following expression:
Fy = X! — EH(E, X). (35)

Let Z be the ideal of Q[E, X] generated by Fi, ..., F, and let V' be the affine
subvariety of A" defined by Z. Let w : V — A! denote the restriction to V' of
the canonical projection onto the first coordinate. Our purpose is to compute
a geometric solution of {1} x V := 7~ 1(1).

It is easy to see that any system of the form (30) and (34) is a particular in-
stance of a system of the form (35). In order to apply our algorithmic method,
we first show in Lemmas 13 and 14 below that the polynomials Fi, ..., F, of
(35) form a regular sequence of Q[€, X], the ideal Z C Q[€, X] they generate
is radical, and the morphism 7 is finite and generically unramified.
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Lemma 13 The polynomials Fi, ..., F, form a reqular sequence of Q[E, X]
and the morphism 7 is finite.

PROOF.— From Buchberger’s first criterion (see e.g. [7]), we conclude that
for 1 < ¢ < n the polynomials Fi,... , F; form a Grobner basis of the ideal
they generate with respect to the graded lexicographical order induced by the
ordering X; > --- > X,, > £. This implies that the affine variety of A"*!
defined by Fi, ..., F; has codimension i for 1 < ¢ <n. Then Fi,... , F, form
a regular sequence of Q[€, X].

Furthermore, we observe that the leading monomial of F; under this order is
X¢ for 1<i<n. Therefore, the set {X}'--- X" : 0 < iy,... i, < d} is a basis
as Q[€]-module of Q[E, X|/Z. This proves that 7 is a finite morphism. "

For 1 <i <mn, let G; € Q[€, X] be the following polynomial:
Gi(E,X) = EF(EYEX).

Let W C A" be the affine variety defined by G, ... ,G,, and let 7 : W — Al
be the morphism induced by the canonical projection onto the first coordinate.
We claim the morphism 7 is generically unramified.

Let us observe that for ¢ # 0 we have #(771(¢)) = #(7~(e?)). Therefore,
from the fact that the morphism 7 is finite we easily conclude that 7 is dom-
inant and dim W > 1 holds. Furthermore, from the fact that Q(V') is a zero—
dimensional Q(&)-algebra, we deduce that Q(W) is also a zero-dimensional
Q(&)—algebra. This shows that W is a one-dimensional variety.

Let us fix ¢ € Al. Taking into account that degy Gi(g, X) = d for 1 <i < n,
from the Bézout inequality (see [36], [26]) we deduce that deg7@'(g) < d"
holds. On the other hand, for 1 < i < n we have G;(0, X) = X% — «a;, where
a; = H;(0,0) # 0. This implies that #71(0) has cardinality d". We conclude
that any generic fiber 77!(¢) has cardinality d".

Lemma 14 7 is a radical ideal and the morphism m is generically unramified.

PROOF.— For a generic choice ¢ € A, we have #(771(g)) = #(n 1 (e?)) = d™.
This implies that there exists a fiber m771(¢) of cardinality d”. On the other
hand, applying the Bézout inequality (see [36], [26]) we see that #(7~1(g)) <
d™ holds for any e € Al. We conclude that #(7~*(¢)) = d" holds for any
generic choice of the value ¢ € A

Let € be a generic element of A'. Then dime C[X]/(Fl(s, X), ..., Fy(e, X)) =
d" = degm!(¢). This implies (see e.g. [20, Corollary 2.6]) that 7 !(¢) is a
smooth variety and the polynomials Fi(e, X),..., F,(¢,X) generate a rad-
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ical ideal of C[X]. In particular, we have that the Jacobian determinant
Jp(e, X) := det(0F;/0X;)1<i j<n(e, X) does not vanish on any point x € A"
with (g,z) € 7~ !(¢). Thus, Jr(€, X) is not a zero divisor of Q[€, X]|/Z and 7
is generically unramified. Finally, since F},... | F, form a regular sequence of
Q[&, X], from [24, Theorem 18.15] we deduce that the ideal Z is radical. =

Let us observe that the origin 0 € A™™! is the only point of 771(0). Therefore,
there are deg(w) = d™ branches of the curve V passing through 0 € A"+,

For F € Q[&, X], let us write F(£4,EX) = EYf(X) + O(E2L), with f # 0.
We define the initial term of F' with respect to the weight (d,1,...,1) as the
polynomial ing(F) := f. Let iny(Z) C Q[X] be the ideal generated by the set
{ing(F): F €T} and let W C A™ be the affine variety defined by iny(Z).

Lemma 15 W = V(X{ —qay,... , X% —a,) and Gy, ... ,G,, form a standard
basis.

PROOF.—  Let us observe that the set {iny(F) : F € Z} is contained in
the set of initial terms (in the sense of Section 3) of the polynomials of the
ideal (Gy,...,Gp). Let F € (Gy,...,Gy), and let us write F = E*F(&, X),
with o > 0 and F(0, X) # 0. Since & is not a zero divisor of the Q-algebra
QIE, X]/(Gy, ... ,Gy), we conclude that F € (Gy,...,G,) holds. Then

in(F) = F(0,X) € (G1(0, X),... ,Gn(0, X)) = (X{ —as,..., X1 — an),

which implies that ing(Z) C (X¢ — ay,..., X% — ) holds and Gy, ... ,G,
form a standard basis. On the other hand,

(X = a1, X = o) = (ina(F), .. yina(F,)) C ina(Z),

from which the statement of Lemma 15 follows. n

Since there are d" branches of V' lying above 0 and degW = d", we conclude
that the system of (classical) Puiseux expansions of the branches of the curve
V lying above 0 has regularity index 1, and the singular parts of its expansions
are represented by the points of .

Lemmas 14 and 15 show that the polynomials of (35) satisfy the hypotheses
of Theorems 7 and 12. In order to apply the algorithm underlying Theorem 12
to our input system, we first need an explicit description of the set of singular
parts of a system of rational Puiseux expansions of the branches of V' lying
above (. For this purpose, we observe that the set of singular parts is given by

(17,60 a)"'T, ... & al/'T);0 < i, jn < d} C QT
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where ¢ € Q is a primitive d-th root of 1 and o&/d, e ,a}/d € Q are d-th
roots of aq, ... , oy, respectively. Replacing T by afl/ “T we obtain the following
system of rational Puiseux expansions of the branches of V' lying above 0:

{(a T, T, 628°T, ..., &"BYT);0 < jo,... . jn < d} C QT

where 33/%, ... , 314 ¢ Q are d-th roots of By := ajlay, ..., B, = a7y,
respectively. With the notations of Section 2.2, we have g=1, e; =d, f;=d" .

Let Y5, ... .Y, be new indeterminates over Q. Let

Wo = {(€28,/", ... ,&"BYN0< o, .. jn <d} = V(Y =B,... YiI=3,).

Then we see that a geometric solution of the variety W, yields the polynomials
qW, fz(l), ..., f\V required for the application of the algorithm of Theorem 12.

Let U := Yo+ - -+7,Y, be alinear form of Q[Ys, ... , Y, ] inducing a primitive
element of the Q-algebra extension Q — Q[Wj]. Let us fix p > 2. Using the
Zippel-Schwartz test (see [59], [68]), we conclude that the coefficients of U can
be randomly chosen in the set {1,... ,4pnd®"~2} with a probability of success
of at least 1 — 2%) > %.

We now describe an algorithm computing a geometric solution of Wy. Let
ma, ... ,m, € Q[Z] be the sequence of polynomials defined recursively by:

my = Z%— By, my = Resi('y[d(Z —7) - ﬁi,mi,l(Z)) for 3 <i <n.

Then the polynomial m, equals (up to scaling by a nonzero element of Q)
the minimal polynomial ¢} € Q[Z] of the coordinate function induced by
U in the Q-algebra extension Q < Q[WW]. Combining fast algorithms for the
computation of univariate resultants (see e.g. [46]) and univariate interpolation
(see e.g. [9]) as in e.g. [33], we conclude that ¢(*) can be computed in space
O(d*=2) and time O™ (d**~%). Combining this algorithm and the formulae of
e.g. [2] or [56] as in the proof of Lemma 9, we obtain a geometric solution of
Wy with space O(nd**~?) and time O (d**~?). Finally, applying Theorem 12
we obtain the following result:

Theorem 16 There exists a computation tree computing a geometric solution
of the variety V with space O(nSd*") and time O~(T d*").

The geometric solution provided by Theorem 16 consists of a randomly chosen
linear form U € Q[X] and polynomials m,,, vy, ... ,v, € Q[€, Z]. Suppose that

the U is also a primitive element of the original variety {1} x V =V N ({1} x
A™). Specializing m,,, vy, ... ,v, into the value & = 1, we obtain polynomials
mu(1, Z),v1(1,2),... ,va(1,Z) of Q[X] defining a (eventually non-reduced)

Shape-Lemma-like representation of V. Therefore, computing a square—free
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representation of m, (1, Z), and cleaning the multiple factors of the polynomial
mu(1, Z) out of v1(1, Z), ... ,u,(1, Z) we obtain a geometric solution of V with
the same complexity estimate (see [33] for details).

This result improves the O7(3"d*") time-complexity estimate of [50]. Let us
also mention the results of [51], where the authors announce an O™ (d*") time—
complexity estimate for approximating one root of a Pham system. Comparing
our result with the O7(7d*"!') time-complexity estimate provided by the
application of the algorithm of [33] to this case, we see that the performance
of [33] is better. Nevertheless, let us observe that the leading term d*" of our
time-complexity estimate can be expressed as ¢ dege m,, and we are dealing in
this case with an “ill-conditioned” system, for which the worst case estimates
0 = d" and deggm, = d" hold. If the input system satisfies dege m, < d",
then the performance of [33] does not change, whereas in our time—complexity
estimate the d*" factor reduces accordingly. Furthermore, if dege m, = 1, we
achieve the lower bound d” of this factor (see [16]).

5.4  Reimer Systems

In this section we consider another family of examples called (generalized)
Reimer systems (compare [8]). Let us fix n € N, and let us define fi,..., f, €
Q[X] :=Q[Xq,...,X,] in the following way:

fi =, + Z CLZ‘J‘X]Z:-H, (36)
j=1

where a; 5, ; (1 <4,j < n) are generic elements of Q (see Lemma 17 below)
with a;,a;; # 0 for 1 <4 < n. Let V be affine subvariety of A" defined by
fi,--+ 5 fa. Our purpose is to compute a geometric solution of V.

Our next result shows that V has dimension zero and degree (n+ 1)L

Lemma 17 Let U := (U;;)1<ij<n be a matriz of indeterminates and let
Hy, ..., H, be the elements of Q[U, X| defined in the following way:

— i+1
Hi =+ Z ULijJr .

Jj=1

Then there exists a non—empty Zariski open set U C A" with the following
property: for any uw € U, the affine subvariety of A™ defined by the polynomials
Hi(u,X),...,Hy(u, X) has dimension 0 and degree (n + 1)!.

PROOF.— Let Z be the affine variety of A" defined by Hy,. .., H, and
let 7 : Z — A™ the morphism defined by m(u,z) = u. Let p be the prime
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ideal of Q[U] generated by the set {U; ;1 < i,7 < n,i # j}. We claim that
Hy, ..., H, form a regular sequence of Q[U],[X].

In order to prove this claim, following [38], we define a “triangular” sequence
(R}

'+ N<i<niti<j<n C Q[U, X] in the following way:

. Rj(l = Resx,(Hy,H;) for j=2,....n
QR(’ := Resx (RZ(Z1,Rﬁi_l))for2§z'§n—1andi+1§j§n.

From elementary properties of the resultant we see that Rz(i_l) is a nonzero
element of Q[U, X;, ..., X, ] N (Hy,...,H;), with degy Rgi_l) = degy, Rl(i_l).
Furthermore, a recursive argument shows that the coefficient of the highest
power of X; occurring in Rz(i_l) does not belong to the prime ideal p. We
conclude that Hy, ... , H; define an ideal of Q[U],[X] of Krull dimension n —i.
This implies that Hy, ..., H, form a regular sequence of Q[U],[X].

Furthermore, the polynomial R"~Y gives an integral dependence equation for
the coordinate class of X, in the ring Q[U],[X4,... , X,]/(H1, ... , H,) over
the ring Q[U]p. Then a recursive argument with the polynomials Rgifl) for
1 <7 < n shows that

is an integral Q-algebra extension.

We conclude that there exists a Zariski neighborhood U € A™ of V(p) such
that WU‘Zm(uxM) Z N (U x A") — U is a finite morphism and Z N (U x A")

is an equidimensional variety of dimension n?. This shows that for any choice
of u € U the variety Z N {U = u} = m;;"(u) has dimension 0.

Now we show that the existence of the Zariski open set U C U of the state-
ment of the lemma. First, we observe that the Bézout inequality (see [36],
26]) implies deg(m;!(u)) < d" for any u € U. On the other hand, for any
nonsingular diagonal matrix u(®) € U we have deg(n;*(u(®)) = (n +1)!. We
conclude that there exists a non—empty Zariski open set # C U such that
deg(m;")(u) = (n + 1)! holds for any u € U. =

Let us observe that for any v € U we have that C[X|/(Hy(u,X),... , Hy(u,X))
is a finite-dimensional C—vector space of dimension at most (n + 1)!. On the
other hand, we have # (7' (u)) = (n+ 1)!. We conclude that the polynomials
Hi(u,X),..., H,(u, X) generate a radical zero-dimensional ideal of C[X], and
hence the Jacobian determinant Jy (u, X) := det(0H,;/0X;)1<i j<n(u, X) does
not vanish on any point x with (u,z) € 7" (u). This implies that Ji does not
vanish on any point of Z N (U x A™).
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In order to solve a system of the form (36) with a := (a;;)1<ij<n € U, let us
introduce an indeterminate £ over Q and the following elements of Q[€, X|:

Fi= o a0, X+ ) a XYY (1<i<n). (38)
1<j<n
J#i

Let V the affine subvariety of A"™! defined by Fi,... ,F, and let 7 : V — Al
be the morphism defined by m(e,z) := . We have 7~'(1) = {1} x V and
771(0) = {0} € A""l. We are going to show that Fy,..., F, form a regular
sequence of Q[&]g)[X] and generate a radical ideal of Q[&](s)[X], and the
morphism 7 is dominant and generically unramified.

For this purpose, let us define Gy, ... ,G, € Q[£, X] in the following way:

Gi=E VE(E.6X) = ai + 2 g1, X[,

J=1

where g¢; j :=a,;; € for i # j and g;; := a;;. Let W be the affine subvariety of
A" defined by Gy,...,G,, and let 7 : W — A! be the morphism defined by
#(e,x) = . Observe that g(1) € U holds, where U C A" is the Zariski open
set of the statement of Lemma 17. Therefore, for a generic choice ¢ € A, we
have g(e) € U. Taking into account the remarks after the proof of Lemma 17,
we conclude that 7 is dominant and generically unramified.

Finally, since #(771(¢)) = #(7'(¢)) holds for any ¢ # 0, we deduce the
following result:

Lemma 18 The morphism w is dominant and generically unramified.
On the other hand, we have the following result:

Lemma 19 Fy,...  F, form a regular sequence in Q[&] &) [X] and generate a
radical ideal of Q[E ](5)[ ].

PROOF.- For 1 < i < n, let F; € (€, Xo,...,X,] denote the homog-
enization of the polynomial F; with respect to the variables X. We have
F; = a;; X" mod (€). Following [38], we define the following “triangular”

sequence (R§ ))1§z§n,z+l§j§n of Q[&, X]:

](1 .= Resx, (Fy, F}) for j = 2,.
° J(Z = Resx (RZ(Z 1,R§-Z 1)f0r2§z§n—1andi+1§j§n.

From the elementary properties of the resultant we deduce that }A%y) is an ho-
mogeneous polynomial of (ﬁ’l, o ,ﬁ’j) NQ[E, Xo, Xis1, - - . , X,]. Furthermore,
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taking into account the congruence. relation F, = aiinfH mod (&), a sim-
ple recursive argument shows that R’ = ¢; X/™ mod (€) holds for suitable

¢; € Q\ {0} and m; € N. This shows that the coefficient of X" in RV does
not belong to the prime ideal (£) C Q[€]. Specializing the variable Xy into
the value Xy = 1, with a similar argument as in the proof of Lemma 17 we
conclude that Fi, ..., F, form a regular sequence of Q[£](g)[X] and

Q€ — QlE](e) X/ (Frs - Fr)
is an integral Q—algebra extension.

Finally, since Fi,... , F, form a regular sequence of Q[&](g)[X], and the mor-
phism 7 is generically unramified, applying [24, Theorem 18.15] as in Lemma
14 we conclude that the ideal generated by Fi, ..., F, in Q[€])[X] is radical.
m

Let us observe that the origin 0 € A"*! is the only point of 771(0). Therefore,
there are deg(m) = (n + 1)! branches of V passing through 0 € C"*!.

For any F € Q[&]e)[X], let us write F(£,£X) = E*F(£,X) with F €
Q€[ X\ (£)Q[E] ()| X]. We define the initial term of F' with respect to the
weight (1,...,1) as in;(F) := F(0,X). Let Z be the ideal of Q[])[X] gen-

erated by Fl, ..., F,, and let iny(Z) C Q[X] be the ideal generated by the set
{iny(F): F ¢ I}. Let W :=V(iny(Z)) C A™.

Lemma 20 W = V(a;1 X7 —aq,... ,apn X —a,) and Gy, ... G, form a
standard basis in Q[E]g)[X].

PROOF.— Let us observe that the set {in,(F) : F € Z} is contained in the
set of initial terms (in the sense of Section 3) of the polynomials of the ideal
(Gh,...,G,) C Q) [X]. Let F € (Gy,...,G,) and write F = E°F (&, X),
with a > 0 and F(0,X) # 0. Since &€ is not a zero divisor of the Q-algebra
QI&]e)[X]/ (G, ... ,Gy), we conclude that F € (Gy, ... ,G,) holds. Then

iny(F) = F(0,X) € (G1(0,X),..., Gu(0,X)) = (a1 X —0u1, ..., ann X H—00n),

which implies that iny(Z) C (a1 X? — aq,... 4,2 X" — a,) holds and
G1,...,G, form a standard basis. On the other hand, we have the inclusion

(a1 X} = on, .o 0 X0 = ) = (ina(F), ...y ina(F)) C ina(Z),

from which the lemma follows. n

Since there are (n 4+ 1)! branches of V' lying above 0 and deg W = (n+ 1)!, we
conclude that the system of (classical) Puiseux expansions of the branches of
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the curve V' lying above 0 has regularity index 1, and the singular parts of its
expansions are represented by the points of W.

Lemmas 18, 19 and 20 show that the polynomials Fi, ... , F}, of (38) satisfy all
the hypotheses of Theorems 7 and 12 (see the remark right before Section 3.1).
In order to apply the algorithm underlying Theorem 12 we need a description
of the singular parts of the branches of V' lying above 0. A similar argument
as in Section 5.3 shows that, with the notations of Section 2.2, g =1, e, =1
and fi = (n + 1)! in this case. Hence, we have that a geometric solution
of the variety W yields the polynomials ¢, fl(l), ..., f{V required for the
application of Theorem 12. Such a geometric solution can be obtained in space
O(n(n + 1)!?) and time O((n + 1)!?), using a similar algorithm to that of
Section 5.3. Finally, applying Theorem 12 we obtain the following result:

Theorem 21 There exists a straight-line program computing a geometric so-
lution of the variety V with space O(n(n + 1)!2) and time O((n + 1)!2).

In order to obtain a geometric solution of the variety {1} x V = 771(1) from
the geometric solution of V' provided by Theorem 21, we proceed in a similar
way as in Section 5.3 (see the remarks after Theorem 16).
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