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2 Departamento de Mateḿaticas, Facultad de Ciencias Exactas y Naturales, Universidad
de Buenos Aires, Ciudad Universitaria, Pabellón I, (1428) Buenos Aires, Argentina,
{joos,awaissbe}@dm.uba.ar

3 Member of CONICET (Consejo Nacional de Investigaciones Cientı́ficas y T́ecnicas),
Argentina

4 Departamento de Computación, Universidad Favaloro, Belgrano 1723, (1093) Buenos
Aires, Argentina, gmatera@favaloro.edu.ar

5 Instituto de Desarrollo Humano, Universidad Nacional de General Sarmiento, Roca 850
(1663) San Miguel, Pcia. de Buenos Aires, Argentina, gmatera@ungs.edu.ar

Abstract In [25] and [22] a new algorithmic concept was introduced for the
symbolic solution of a zero dimensional complete intersection polynomial equa-
tion system satisfying a certain generic smoothness condition. The main innovative
point of this algorithmic concept consists in the introduction of a new geometric
invariant, called thedegree of the input system, and the proof that the most common
elimination problems have time complexity which ispolynomialin this degree and
the length of the input.

In this paper we apply this algorithmic concept in order to exhibit an elimina-
tion procedure whose space complexity is onlyquadraticand its time complexity
is onlycubic in the degree of the input system.

Send offprint requests to: Guillermo Matera, Departamento de Computación, Universidad
Favaloro, Belgrano 1723 (1093) Buenos Aires, Argentina
? Research was partially supported by the following Argentinian, French, German and

Spanish grants : UBA–CyT TW80, PIP CONICET 4571, ANPCyT PICT 03–00000–
01593, BMBF–SeTCIP AL/A97–EXI/09, DGICYT PB96–0671–C02–02, ECOS–SeTCIP
A99E06.
Correspondence to: Guillermo Matera, Departamento de Computación, Universidad Faval-
oro, Belgrano 1723 (1093) Buenos Aires, Argentina



2 J. Heintz et al.

Key words Algorithmic elimination theory, polynomial equation solving, sym-
bolic computation, algebraic complexity theory, time–space complexity, computa-
tion tree, straight–line program.

1 Introduction

The development of efficient algorithms for real–life purposes often requires the
optimization of more than one resource at the same time. The two most significant
resources for practical computing issues arememory spaceandrunning time. Gen-
erally, these two resources can not be minimized simultaneously (independently
from each other), as they are linked by a time–space tradeoff function which is in-
trinsic to the problem treated. Our goal here is to analyze the intrinsic time–space
complexity of multivariate polynomial elimination problems.

It is well known that algorithmic multivariate polynomial elimination faces
serious complexity problems. As it was shown by E. Mayr and A. Meyer in [51],
the typicalalgebraic elimination problems are computationallyinfeasiblesince
they are EXPSPACE–complete (see also [50], [45] and [44]).

This fact is reflected by the complexity behaviour of the currently available
software on the subject, mainly based on Gröbner basis computations (see [10]).
The typical symptoms which can be observed when confronting these software
packages with realistically sized problems, are out–of–memory errors.

This observation suggests the search for efficientgeometricelimination proce-
dures which may replace the known algebraic ones. This suggestion is also sup-
ported by the fact that all the most classicalgeometricelimination problems belong
to the complexity class PSPACE (see [14], [13], [17], [24], [49], [48]).

On the other hand the limitation to geometric problems and algorithms does
not suffice to settle the practical complexity issue of elimination. This is due to
the impossibility to design general purpose elimination algorithms with polyno-
mial time (and space) behaviour which are based on the classical dense encoding
of multivariate polynomials. A well-known example due to D. Lazard, T. Mora,
W. Masser and P. Philippon (see [9]) shows that exponential time behaviour is
unavoidable while using dense representation of polynomials.

From these observations we infer the necessity of using alternative data struc-
tures for the representation of multivariate polynomials. One such possibility is the
encoding of polynomials (and rational numbers) by arithmetic circuits and their re-
lated evaluation schemes orstraight–line programs(see [53]).

Although geometric elimination algorithms based on straight–line program
(SLP ) encoding of multivariate polynomials improve drastically the complexity
behaviour of their forerunners based on dense encoding (see [24], [28], [20], [41]
or [42]), the complexity issue remains still unsatisfactory. From the main result of
[37] one deduces that anygeneral purposeelimination algorithm based onSLP–
encoding of polynomials must necessarily have an exponential time complexity
behaviour on infinitely many examples, provided theSLP representing the input
polynomials is treated as a black box by the algorithm.

This insight leads in [26], [25], [22] and [27] to the consideration of a new
intrinsic geometric invariant, associated to the input equation system, namely its
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geometric degree(see also [47], [52], [32], [33], [36]). The new outcome consists
in the conclusion that elimination haspolynomial timecharacter in the (syntacti-
cal) size of the input equation system (given by a straight–line program program
or in sparse representation)and the (geometric) degree of the input system. Of
course, this degree may be of exponential size in the number of variables to be
eliminated (it is bounded by the Bezout number of the input system), but in case
that this degree is considerably smaller than the Bézout number, the new algorith-
mic concept introduced in [25] and [22] becomes of practical interest. The main
outcome of the mentioned work is the observation that elimination polynomials
have only “small” circuit complexity. In fact, such a polynomial can be evaluated
by a straight–line program whose length is roughly of the same order as its degree,
even if the polynomial under consideration contains many variables. By the way,
the classical elimination procedure of Kronecker [43] is vindicated by this work as
the most powerful and efficient algorithm of all the times, although it received in
the past a lot of negative criticism (see e.g. [46], [66]).

This was the starting point for the ongoing work of the TERA1(=Turbo Evalu-
ation and Rapid Algorithms) group on highly performant algorithms and computer
programs for the design of an efficient solver for polynomial equation and inequal-
ity systems over the complex and real numbers (see [3] and [4] for progress in the
real case).

These pages will be devoted to the design of an elimination algorithm which
realizes the algorithmic concepts developed in [25] and [22] from a time–space
tradeoff point of view. At the beginning we deduce, based on a result of J. Ja’Ja’
[38], that the algorithmic concepts of [25] and [22] cannot be realized usingsub-
linear space without causing a superpolynomial growth of the time–space tradeoff
complexity.

Then, following Scḧonhage’s GOLDEN RULE NUMBER 1: Do care about the
constants![56], we develop an elimination algorithm which hasquadraticspace
andcubic time complexity (in terms of the geometric degree of the input system).
For this purpose we design a series of new algorithms for classical linear alge-
bra tasks, for the manipulation of univariate polynomials and an effective Shape
Lemma version which is particularly adapted to the special features of the main
algorithm of [25] and [22].

1.1 Notations, assumptions and statement of the main result

Let X1, . . . , Xn be indeterminates over the rational numbers Qand let
Q [X1, . . . , Xn] denote the ring ofn–variate polynomials over Q. Let d be a natu-
ral number and let be given polynomialsF1, . . . , Fn ∈ Q [X1, . . . , Xn] of degree
at mostd. Assume thatF1, . . . , Fn define a regular sequence in Q[X1, . . . , Xn].
Assume also that for1 ≤ r ≤ n − 1 the polynomialsF1, . . . , Fr span aradical
ideal(F1, . . . , Fn) in Q [X1, . . . , Xn] and denote byVr the equidimensional alge-
braic varietyV (F1, . . . , Fr) defined byF1, . . . , Fr in the complexn–dimensional
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affine space Cn. Finally we assume that there is given a division–free straight–line
program in Q[X1, . . . , Xn] evaluating the polynomialsF1, . . . , Fn in spaceS and
timeT .

In the sequel we shall consider algorithms which “solve” symbolically the (in-
put) equation systemF1 = 0, . . . , Fn = 0 over the complex numbers C. As in
[25] and [22] we associate to the equation systemF1 = 0, . . . , Fn = 0 a param-
eterδ, called thegeometric degreeof the system, which is defined as follows: for
1 ≤ r ≤ n let deg(Vr) denote the (geometric) degree ofVr, as introduced in [34].
The geometric degree of the systemF1 = 0, . . . , Fn = 0 is then defined as

δ := max
1≤r≤n

deg(Vr).

In order to describe the geometric aspect of our procedure we need some more
terminology, essentially borrowed from [22]. Let2 ≤ r ≤ n and let us consider
the(n− r)–dimensional Q–definable closed affine subvarietyV := Vr of Cn. A
geometric solutionof the algebraic varietyV consists of the following items:

– a Q –linear change of variables, transforming the variablesX1, . . . , Xn into
new ones, namelyY1, . . . , Yn, such that the linear map from Cn to Cn−r de-
fined by the formsY1, . . . , Yn−r induces a finite surjective morphism of affine
varietiesπ : V → Cn−r. Such a variable transformation is called aNoether
normalizationof the varietyV and we say that the variablesY1, . . . , Yn are
in Noether positionwith respect toV , the variablesY1, . . . , Yn−r beingfree.
The given Noether normalization induces an integral ring extensionR :=
Q [Y1, . . . , Yn−r] −→ Q [V ] (where Q [V ] denotes the coordinate ring of
the varietyV ). Observe that Q[V ] is a freeR–module whose rank we de-
note byrankRQ [V ]. Notice thatrankRQ [V ] ≤ deg V (see e.g. [28]) and
Q [V ] ∼= Q [X1, . . . , Xn]/(F1, . . . , Fr) holds.

– a Q–linear formU := λn−r+1Yn−r+1 + · · ·+λnYn which induces a primitive
element of the ring extensionR −→ Q [V ], i.e. an elementu of the coordinate
ring Q [V ] whose (monic) minimal polynomialq ∈ R[T ] overR satisfies the
conditiondegT q = rankRQ [V ] (hereT is a new indeterminate anddegT q
denotes the partial degree of the polynomialq ∈ R[T ] = Q [Y1, . . . , Yn−r][T ]
with respect to the variableT ). Observe here that we always havedeg q =
degT q ≤ deg V with deg q denoting the total degree ofq.

– the minimal polynomialq of u overR.
– a generic “parametrization” of the variety V by the zeroes ofq, given by

polynomials of the formρ(u)
n−r+1Yn−r+1 − v(u)

n−r+1(T ), . . . , ρ(u)
n Yn − v(u)

n (T )
with ρ

(u)
n−r+1, . . . , ρ

(u)
n ∈ R \ {0} and v(u)

1 , . . . , v
(u)
n ∈ R[T ]. We require

thatmax{degT v
(u)
n−r+1, . . . , degT v

(u)
n } < degT (q) andρ(u)

n−r+jYn−r+j −
v

(u)
n−r+j(T ) ∈ I(V ) holds for1 ≤ j ≤ r (hereI(V ) denotes the vanishing

ideal ofV , namelyI(V ) = (F1, . . . , Fr)). Observe that this parametrization
is unique up to scaling by nonzero elements of Q.

Let us here remark that this notion of “geometric solution” has a long history,
which goes back at least to L. Kronecker [43] (see also [46], [70]). One might
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consider [15] and [30] as early references where this notion was implicitly used
for the first time in modern symbolic computation.

Given a Noether normalization of the varietyV as before, we call a pointP :=
(p1, . . . , pn−r) ∈ ZZn−r a lifting point of V if the finite surjective morphismπ :
V → Cn−r is unramified inP , i.e. if the equationsF1 = 0, . . . , Fn = 0, Y1 =
p1, . . . , Yn−r = pn−r define the fiberπ−1(P ) by transversal cuts. We call the
zero–dimensional varietyVP := π−1(P ) the lifting fiber of the pointP .

Assume now that there is given as before a geometric solution of the(n− r)–
dimensional varietyV and a lifting pointP satisfying the conditionρn−r+1(P ) 6=
0, . . . , ρn(P ) 6= 0 and discrT q(P ) 6= 0, where discrT q denotes the discrimi-
nant of the polynomialq with respect to the variableT . Then the given geo-
metric solution of the varietyV induces a geometric solution of the lifting fiber
VP . This geometric solution ofVP is given by the linear formU , the polynomial
q(P, T ) ∈ Q[T ] and the parametrizationρn−r+1(P )Yn−r+1−v(u)

n−r+1(P, T ), . . . ,
ρn(P )Yn − v

(u)
n (P, T ) (observe that all these entities are well defined because

Q [V ] ∼= Q [X1, . . . , Xn]/(F1, . . . , Fr) is a freeR–module and because of our
requirementρn−r+1(P ) 6= 0, . . . , ρn(P ) 6= 0). We call such a geometric solution
of the varietyV compatiblewith the lifting pointP .

Let us denote byF1(Y1, . . . , Yn), . . . , Fn(Y1, . . . , Yn) the elements of the
polynomial ring Q[Y1, . . . , Yn] that we obtain if we rewrite the polynomials
F1(X1, . . . , Xn), . . . , Fn(X1, . . . , Xn) in the variablesY1, . . . , Yn. Observe then
that the unramifiedness ofπ in the lifting pointP means that(

F1(P, Yn−r, . . . , Yn), . . . , Fn(P, Yn−r, . . . , Yn)
)

is a radical ideal of Q[Yn−r+1, . . . , Yn]. This is equivalent to saying that

Q [VP ] ∼= Q [Yn−r+1, . . . , Yn]/ (F1(P, Yn−r, . . . , Yn), . . . , Fn(P, Yn−r, . . . , Yn))

holds.
The complexity of the procedure that we are going to design for the resolution

of the systemF1 = 0, . . . , Fn = 0 will be described in terms of the following
syntacticandgeometricparameters:

– n, the number of variables,
– d, the maximum of the degrees of the polynomialsF1, . . . , Fn,
– S andT , the space and time complexity of the given straight–line program in

Q [X1, . . . , Xn] which evaluates the polynomialsF1, . . . , Fn,
– the geometric degreeδ of the input systemF1 = 0, . . . , Fn = 0.

The algorithmic method proposed in [25] and [22] proceeds inn − 1 stages,
computing at each stage2 ≤ r ≤ n a suitable finite projectionπr of the varietyVr
onto the affine space Cn−r, a suitable lifting pointP (r) ∈ ZZn−r and a geometric
solution of the lifting fiberVP (r) := (Vr)P (r) associated to the lifting pointP (r)

and the varietyVr. Then a geometric solution of the varietyVr is (re)constructed
from the lifting fiberVP (r) and the straight–line program representing the input
polynomialsF1, . . . , Fr. For this purpose the idea of a division–free symbolic ver-
sion of the Newton–Hensel algorithm is used. Then a Noether normalization of



6 J. Heintz et al.

the varietyVr+1 and a new lifting pointP (r+1) for Vr+1 are determined. Finally a
geometric solution of the lifting fiberVP (r+1) is computed.

In this paper we realize the general algorithmic ideas of [25] and [22] by ex-
hibiting apractically efficient(implementable) algorithm computing the geometric
solution of the varietyV (F1, . . . , Fn). For this purpose we introduce some modifi-
cations in the method of [25] and [22], we design a series of algorithms for specific
linear algebra tasks and for the manipulation of univariate polynomials and we de-
velop a new effective version of the so–called Shape Lemma (see [40], [14] or
[30]).

The first modification consists roughly speaking in the determination of a si-
multaneous Noether normalization of all the varietiesV1, . . . , Vn and a simultane-
ousa priori determination of the corresponding lifting pointsP (1), . . . , P (n−1).
The main purpose of this first modification is to obtain for2 ≤ r ≤ n a lifting
fiber VP (r+1) with the following property: for any point(x1, . . . , xn) ∈ VP (r+1) ,
the morphismπr is unramified in(x1, . . . , xn−r). This property is crucial in order
to avoid the introduction of additional (extraneous) points while computing the ge-
ometric solution of the lifting fiberVP (r+1) from the geometric solution ofVP (r) .
The involuntary introduction of additional points in the procedure developed in
[25] and [22] produces an unnecessary quadratic growth of the code size of the
polynomials which appear during the algorithm (with the consequent undesired
effect on the time and space complexity of the procedure).

A second modification of the algorithmic method designed in [25] and [22]
consists in the development of an efficient subalgorithm which produces a geo-
metric solution of the varietyVr from the geometric solution of the lifting fiber
VP (r) . The symbolic Newton–Hensel algorithm used by this method requires to
deal with very special matrices, which arise from the evaluation of a univariate
polynomial in a Frobenius matrix. By means of simple duality techniques for uni-
variate polynomials we obtain an efficient algorithm which computes the charac-
teristic polynomial of such matrices, improving in this way considerably upon the
time–space complexity of the main algorithm of [25] and [22].

Another important feature of the algorithmic method proposed by [25] and [22]
is the use of a method — originally due to [42] — which reduces the general prob-
lem of finding a Shape Lemma–like representation of a given zero–dimensional
complete intersection variety to the case of an algebraic variety defined by only
two polynomials in two separate variables. We revise this method, replacing the
generalistic linear algebra tools applied in [42] by more specific ones based on the
manipulation of univariate polynomials. In this way we obtain a significant reduc-
tion of the time–space complexity of the corresponding subalgorithm of [42].

Finally we focus our attention on the subalgorithm which computes a geomet-
ric solution of the lifting fiberVP (r+1) from a geometric solution of the lifting fiber
VP (r) . The method used in [25] and [22] is divided in two stages. In the first stage
a geometric solution of the varietyVr is obtained. Then a geometric solution of the
intersection of the varietyVr with the hypersurface{Fr+1 = 0} is computed.

From this geometric solution one obtains a geometric solution of the lifting
fiberVP (r+1) just by specializing the remaining free variables of the given geomet-
ric solution ofVr ∩ {Fr+1 = 0} into the coordinates of the pointP (r+1). In this
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paper we increase significantly the efficiency of this procedure reducing the task
to the computation of a geometric solution of the intersection of the hypersurface
{Fr+1 = 0} with a suitably introduced curveWP (r+1) which is contained in the
(n − r)–dimensional varietyVr. The technique of specializing the free variables
represents a general method coming from theoretical computer science calledde-
forestation(see [69]). In [23] this method is systematically applied in a computer
algebra context. Our technique of lifting a projection from a zero–dimensional
variety to a curve was independently discovered and applied in [29].

The final outcome is aquadratic–space andcubic–time procedure which com-
putes the geometric solution of the given zero–dimensional algebraic variety
V (F1, . . . , Fn). More precisely, we obtain the following complexity result:

Theorem 1 Let notations and assumptions be as before. Then there exists a com-
putation tree in Q [X1, . . . , Xn] that computes a geometric solution of the
algebraic variety V = V (F1, . . . , Fn) using spaceO(Sdnδ2) and time

O
(

(T dn2 + n5)δ3 log3 δ log2 log δ
)

.

In contrast to this result let us mention that a straightforward implementation
of the algorithmic method proposed by [25] and [22] leads to an algorithm using
spaceO(Sdnδ4) and timeO(T dn6δ16). Let us also remark that in the practical
situations we have in mind, the quantityδ is expected to be much larger than
the values of the parametersS, T , d andn. In this sense we are saying that our
algorithm requires onlyquadraticspace andcubictime.

The computational model we use in this paper is algebraic: we count opera-
tions at unit costs. One may argue that this is unrealistic. However, a practical im-
plementation of the basic algorithmic ideas applied in this paper would necessarily
rely on modular arithmetic. Nevertheless, for modular arithmetic our complexity
model is suitable (compare the implementation work [29]).

2 On time–space tradeoffs

The efficient representation of multivariate polynomials and rational functions is
of central importance for geometric elimination procedures (cf. [53]). Here we
discuss the representation of multivariate polynomials byarithmetic circuits(see
e.g. [67] or [68]).

Let Q (X1, . . . , Xn) denote the field of rational functions over Qin the
variablesX1, . . . , Xn. An arithmetic circuitβ in Q (X1, . . . , Xn) is a directed
acyclic graph(computationDAG for short), whose nodes have all bounded inde-
gree of either 0 or 2. The nodes of indegree 0 are labeled by elements of the set
Q ∪ {X1, . . . , Xn} and the nodes of indegree 2 (calledinternal nodes) are la-
beled by one of the arithmetic operations addition, subtraction, multiplication or
division. The nodes of indegree 0 labeled by elements of{X1, . . . , Xn} are called
input nodes. The nodes of indegree 0 labeled by elements of Qare calledparam-
eter nodes. The elements of Qoccurring in that way are calledparametersof the
arithmetic circuitβ. Finally, some nodes of the arithmetic circuitβ are labeled as
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output nodes(typically, the output nodes will be the nodes with out–degree 0). We
denote the underlying computationDAG of β by Γ (β).

When starting from the input nodes and proceeding along the computation
DAG, to each nodeρ there corresponds in a natural way a rational functionQρ
computed as the result of all previous steps. Let be givens distinct rational func-
tionsF1, . . . , Fs ∈ Q(X1, . . . , Xn) and an arithmetic circuitβ in Q(X1, . . . , Xn)
with s output nodes. We say thatF1, . . . , Fs arerepresentedby β, if F1, . . . , Fs
are the rational functions associated to the output nodes ofβ.

In order to modelize the computation with arithmetic circuits, we introduce
the notion of apebble game. A pebble game converts a given arithmetic circuitβ
into a sequential algorithm (also calledstraight–line program) and associates toβ
natural time and space measures. On the computation graphΓ (β) of the arithmetic
circuit β we may play a pebble game subject to the following rules (see [7]):

P1 any indegree 0 node ofΓ (β) can be pebbled,
P2 if the predecessor nodes of a given nodeρ of Γ (β) are both pebbled, thenρ

can be pebbled by a new pebble or just by moving a pebble from one of the
predecessor nodes toρ,

P3 a pebble can always be removed from a pebbled node ofΓ (β).

The pebble game finishes when all the output nodes ofΓ (β) are pebbled. Observe
that the computation graphΓ (β) does not determine a pebble game uniquely, i.e.
different pebble games may be played onΓ (β).

We associate to a given pebble game on the computation graphΓ (β) the fol-
lowing complexity measures:

C1 aspacemeasure given by the maximum number of pebbles used at any moment
of the game,

C2 a time measure given by the number of pebble placements performed during
the game following rules P1 and P2.

Any fixed pebble game on the computation graphΓ (β) defines a strategy of
evaluation ofβ which we call astraight–line program. A straight–line program
in Q (X1, . . . , Xn) which computes rational functionsF1, . . . , Fs is a sequence
β = (Q1, . . . , Qr) of elements of the field Q(X1, . . . , Xn) with the following
properties:

i) {F1, . . . , Fs} ⊆ {Q1, . . . , Qr},
ii) for any 1 ≤ ρ ≤ r, the rational functionQρ belongs to Q∪ {X1, . . . , Xn} or

there exist1 ≤ ρ1, ρ2 < ρ and an arithmetic operationopρ belonging to the set
{+,−, ∗, /} such thatQρ = Qρ1 opρ Qρ2 holds.

Straight–line programs have been extensively used to modelize algebraic compu-
tations (see for example [8], [65], [63], [35], [53], [11]). Since the late seventies
the relevance of this concept for multivariate polynomial elimination became more
and more evident (see e.g. [24], [28], [20], [19], [42], [26], [25], [22], [3]).

Our model of computation is based on the concept of arithmetic circuits and
straight–line programs. However, a model of computation consistingonlyof arith-
metic circuits and straight–line programs is not expressive enough for our purpose,
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namely, the description of a general geometric elimination procedure. Therefore
our model of computation has to include decisions and selections (subject to previ-
ous decisions). For this reason we shall considerarithmetic–boolean circuits(also
calledarithmetic networks) instead of arithmetic circuits andcomputation trees
instead of straight–line programs. An arithmetic–boolean circuit is nothing but a
DAG whose nodes are labeled either by arithmetic operations or by selections
(pointing to other nodes) subject to previous equal–to–zero decisions. A pebble
game on an arithmetic–boolean circuit gives rise to a computation tree, fixing thus
a strategy of evaluation of the given arithmetic–boolean circuit. In other words, a
computation tree is nothing but a straight–line program withbranchings. Time and
space of the evaluation of a given computation tree are defined analogously as in
the case of straight–line programs (see. e.g. [67], [68] or [11] for more details on
the notion of arithmetic–boolean circuits and computation trees).

From now on we shall tacitly assume that our arithmetic–boolean circuits and
computation trees in Q[X1, . . . , Xn] contain onlynon–essentialdivisions (i.e.
only divisions by nonzero elements of Q).

Let us now briefly discuss the time–space tradeoff complexity of the proce-
dures in [25] and [22]. These procedures are described by arithmetic–boolean cir-
cuits of size(ndδL)O(1) and nonscalar depthO

(
(log2n + `) log2 δ

)
, where as

beforen bounds the number of variables andd bounds the degree of the input
polynomials,δ is the (affine) degree of the input system and finally,L and` are
the size and nonscalar depth of an arithmetic circuit representing the input poly-
nomials.

We first observe, that using a standardbreadth–first searchscheme for the
evaluation of the arithmetic–boolean circuits described in [25] and [22], we obtain
a computation tree using space and time(ndδL)O(1).

Similarly, using adepth–first searchscheme as in [6], we obtain a computation

tree using spaceO
(
(log2 n+ `) log2 δ

)O(1)
and timeLnδO(log2 n+`) for the same

task (see [47]).
It would be desirable to combine the advantages of these two computation

trees, namely, to construct a computation tree which uses only spaceO
(
(log2 n+`)

log2 δ
)O(1)

and time(ndδL)O(1). Unfortunately, there seems to be little hope for
the simultaneous optimization of both space and time requirements up to this level.

The main algorithm of [25] and [22] relies heavily on linear algebra tasks such
as the computation of the characteristic polynomial or the determinant of matrices
of sizeδ × δ. As shown in [67] or [68], these tasks are of equal computational
difficulty as the iterated matrix product ofδ matrices of sizeδ× δ. With respect to
the latter task, the following result is known [38]:

Theorem 2 ([38], Theorem 5.3)LetA1, . . . , Aδ beδ matrices inQδ×δ. Then the
timeT required to compute the productA1 · · ·Aδ using spaceS verifies:

T = Ω

(
δl+1

Sl−2

)
, wherel ≥ dlog δe+ 2 .
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From this theorem we deduce that usingsublinearspace algorithms (i.e. al-
gorithms having for some constantc < 1 space complexityO(δc)) in order to
solve the linear algebra tasks posed by the main algorithm in [25] and [22] would
produce an elimination procedure of superpolynomialδO(log δ) time complexity.
Hence, sublinear space algorithms for linear algebra tasks do not produce the de-
sired time–space tradeoff effect in our main algorithm.

In view of this conclusion, we see thatlinear space is the most space efficient
alternative for linear algebra tasks ifpractically feasibleprocedures have to be de-
signed. In the following sections we are going to revise the critical parts (in terms
of memory usage) of the main algorithm in [25] and [22] which use linear algebra
subroutines requiringnonlinearspace. In this paper we replace these subroutines
by linear space algorithms whose (polynomial) time complexity is as small as pos-
sible, i.e. asymptoticallyquadratic. Some more modifications of rather geometric
nature of the main algorithm of [25] and [22] allow to reduce the exponent 4 of the
space complexity of this algorithm to the exponent 2 announced in Theorem 1 (the
simultaneous reduction of the time complexity is from exponent 16 to exponent
3).

3 Simultaneous Noether normalization

In this section we maintain the notations and assumptions established in the In-
troduction. The present section is devoted to the determination of a simultaneous
Noether normalization of all varietiesV1, . . . , Vn−1 and for any1 ≤ r ≤ n− 2 to
the determination of a lifting pointP (r+1) such that the corresponding lifting fiber
VP (r+1) has the following property: for any pointP := (x1, . . . , xn) ∈ VP (r+1) ,
the morphismπr is unramified in(x1, . . . , xn−r). By a simultaneous Noether nor-
malization we understand a linear change of variables given by a matrixA ∈ Qn×n

such that for any1 ≤ r ≤ n the new variablesY1, . . . , Yn are in Noether position
with respect to the varietyVr, i.e. such that the canonical homomorphism

Q [Y1, . . . , Yn−r] ↪→ Q [Y1, . . . , Yn]/(F1, . . . , Fn−r)

represents an integral extension of Q–algebras.
In order to find the simultaneous Noether normalization and the lifting points

we are looking for, we need suitable genericity conditions. The following lemma
formalizes the well known fact that a generic linear change of coordinates yields
a geometrically unramified Noether normalization of a given equidimensional al-
gebraic variety. Moreover this lemma states an appropriate bound for the degree
of certain polynomials whose nonvanishing expresses a suitable sufficient (and
consistent) genericity condition for such a change of variables.

Lemma 1 LetW be a nonempty and equidimensional Zariski closed subvariety
of Cn. Suppose thatW is definable overQ . Let r := n − dim(W ), let Λ :=
(Λi,j)1≤i≤n−r, 1≤j≤n be a matrix of indeterminates and let Ỹ1

...
Ỹn−r

 := Λ

X1
...
Xn

 .
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Then there exists a nonzero polynomialG ∈ Q [Λi,j : 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]
such that the following conditions are satisfied:

i) for any (n − r) × n matrix λ := (λi,j)1≤i≤n−r,1≤j≤n ∈ Q (n−r)×n with
G(λ) 6= 0, all (n − r)–minors ofλ are regular and the linear formsY1 :=∑n
j=1 λ1,jXj , . . . , Yn−r :=

∑n
j=1 λn−r,jXn define a finite morphism which

maps the varietyW onto the affine spaceCn−r,
ii) for 1 ≤ i ≤ n− r the polynomialG satisfies the degree estimate

degΛi,1,...,Λi,n(G) ≤ degW + 2(n− r)

(here degΛi,1,...,Λi,n(G) denotes the partial degree ofG with respect to the
variablesΛi,1, . . . , Λi,n).

iii) Finally, let m ∈ ZZ, m ≥ 0 and letZ1, . . . , Zm be new indeterminates. Let be
given a polynomial

H ∈ Q [Λi,j , Xj , Z1, . . . , Zm : 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]

of degree at mostD. Consider the Zariski closureŴ of the set
(C (n−r)×n × C m × W ) ∩ {H = 0, G 6= 0} and suppose that
dimŴ ≤ (n − r)(n + 1) + m − 1 holds. Then the entries of the matrix
Λ and the polynomialsZ1, . . . , Zm, Ỹ1, . . . , Ỹn−r induce a morphism of affine
spaces

π : C(n−r)×n × Cm × Cn → C(n−r)×n × Cm × Cn−r

such that the Zariski closure ofπ(Ŵ ) is empty or aQ–definable hypersurface
of C(n−r)×n × Cm × Cn−r of degree at most(n− r + 1)D2(deg W )3.

Lemma 1 is a straightforward consequence of standard facts about equidimen-
sional affine varieties and the Chow (Cayley) forms of their projective closures
(compare [46], [60], [12]). We give therefore only a short account of its proof.

Proof of Lemma 1 (Sketch)Let U1, . . . , Un be new indeterminates. Let̃U :=
U1X1 + · · · + UnXn and consider̃Y1, . . . , Ỹn, Ũ as indeterminates. The Chow
form P of the projective closure of the affine varietyW can be interpreted as a
polynomial of Q[Λi,j , Ỹj , Uj , Ũ , 1 ≤ i ≤ n − r, 1 ≤ j ≤ n] which is homoge-
neous of degreedeg W in the variablesU1, . . . , Un, Ũ and for any1 ≤ i ≤ n−r in
the variablesΛi,1, . . . , Λi,n, Ỹi. From the geometric properties of the Chow form
P one deduces easily that the monomialŨdeg W occurs inP with a nonzero coef-
ficient G̃ not containing any of the variables̃Y1, . . . , Ỹn. Thus we have

G̃ ∈ Q [Λi,j ; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n],

G̃ 6= 0 anddegΛi,1,...,Λi,n G̃ ≤ deg W for any1 ≤ i ≤ n− r. For any1 ≤ j ≤ n
we denote byξj the coordinate function ofW induced by the variableXj . Let Y ∗1

...
Y ∗n−r

 := Λ

 ξ1
...
ξn


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andU∗ := U1ξ1+· · ·+Unξn. Observe thatY ∗1 , . . . , Y
∗
n−r andU∗ are algebraically

independent over Q(Λi,j ; 1 ≤ i ≤ n − r, 1 ≤ j ≤ n). From the geometric
properties of the Chow formP one deduces immediately that in the Q–algebra

Q [Λi,j , Uj ; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]⊗Q Q [W ]

the algebraic identity

0 = P (Λ, Y ∗1 , . . . , Y
∗
n−r, U1, . . . , Un, U

∗) =

= P (Λ, Y ∗1 , . . . , Y
∗
n−r, U1, . . . , Un, U1ξ1 + · · ·+ Unξn)

(1)

holds.
Moreover,∂P

∂Ũ
(Λ, Y ∗1 , . . . , Y

∗
n−r, U1, . . . , Un, U

∗) is not a zero divisor of this
Q –algebra. Let1 ≤ j ≤ n and letPj be the polynomial obtained specializing
in P all variablesU1, . . . , Un, except the variableUj , into the values zero and
specializing the variableUj into the value one. One verifies immediately that the
nonzero polynomial̃G is still the coefficient of the monomial̃Udeg W in Pj .

From (1) one deduces now that in the Q–algebra

Q [Λi,j ; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]⊗Q Q [W ]

the algebraic identityPj(Λ, Y ∗1 , . . . , Y
∗
n−r, ξj) = 0 holds. This implies for

G := G̃ ·
∑

1≤j1<···<jn−r≤n−r

det
(

(Λi,jk)1≤i,k≤n−r, 1≤j≤n

)2

statements (i) and (ii) of Lemma 1 (for more details see e.g. [62]).
We are now going to show statement (iii) of Lemma 1. As in [43] or [46, II.21]

one deduces from (1) that in

Q [Λi,j , Uj ; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]⊗Q Q [W ]

for any1 ≤ j ≤ n the algebraic identity

∂P
∂Ũ

(Λ, Y ∗1 , . . . , Y
∗
n−r, U1, . . . , Un, U

∗)ξj+

+ ∂P
∂Uj

(Λ, Y ∗1 , . . . , Y
∗
n−r, U1, . . . , Un, U

∗) = 0
(2)

holds.
We may now choose valuesu1, . . . , un ∈ Q such that

∂P

∂Ũ
(Λ, Y ∗1 , . . . , Y

∗
n−r, u1, . . . , un, u1ξ1 + · · ·+ unξn)

is still a nonzero divisor of the Q–algebra

Q [Λi,j ; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]⊗Q Q [W ].
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Let P̂ := P (Λ, Ỹ1, . . . , Ỹn−r, u1, . . . , un, Ũ) and for 1 ≤ j ≤ n let
Qj := ∂P

∂Uj
(Λ, Ỹ1, . . . , Ỹn−r, u1, . . . , un, Ũ). Moreover letÛ := u1ξ1 + · · · +

unξn. Then we deduce from (2) that for any1 ≤ j ≤ n in the Q–algebra

Q [Λi,j ; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]⊗Q Q [W ]

the identity

∂P̂

∂Ũ
(Λ, Y ∗1 , . . . , Y

∗
n−r, Û)ξj +Qj(Λ, Y ∗1 , . . . , Y

∗
n−r, Û) = 0 (3)

holds.
Moreover,∂P̂

∂Ũ
(Λ, Y ∗1 , . . . , Y

∗
n−r, Û) is not a zero divisor of this algebra. Ob-

serve also that the nonzero polynomialG̃ is the coefficient of the monomial
Ũdeg W in P̂ . From (1) we deduce

P̂ (Λ, Y ∗1 , . . . , Y
∗
n−r, Û) = 0. (4)

Let Ĥ be the polynomial of

Q [Λi,j , Ỹi, Z1, . . . , Zm, Ũj ; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]

obtained by replacing inH for any 1 ≤ j ≤ n the variableXj by Qj
∂P̂
∂Ũ

and by

clearing denominators. Observe thatdegŨ Ĥ ≤ D deg W and that

degΛi,j ,Ỹ1,...,Ỹn−r,Z1,...,Zm
Ĥ ≤ (n− r + 1)D deg W

holds.
Let R := ResŨ (P̂ , Ĥ) be the resultant of the polynomialŝP andĤ with re-

spect to the variable Ũ . Observe that R is an element of
Q [Λi,j , Ỹi, Z1, . . . , Zm; 1 ≤ i ≤ n − r, 1 ≤ j ≤ n] of degree at most
(n−r+1)D2(deg W )3. From the identities (3), (4) and the properties of the resul-
tant we deduce thatR(Λ, Y ∗1 , . . . , Y

∗
n−r, Z1, . . . , Zm) vanishes on the varietŷW .

The assumption dimŴ ≤ (n − r)(n + 1) + m − 1 implies
R(Λ, Y ∗1 , . . . , Y

∗
n−r, Z1, . . . , Zm) 6= 0. ThereforeR is a nonzero polynomial

which vanishes on the setπ(Ŵ ). ut

Now we are ready to prove the main theorem of this section. This result asserts
that the coefficients of the linear formsY1, . . . , Yn and the coordinates of the lifting
pointsP (r) we are looking for can be randomly chosen in a suitable finite subset
of ZZ with high probability of success.

Theorem 3 Let κ be a fixed natural number. There exist linear formsY1 :=∑n
j=1 λ1,jXj , . . . , Yn :=

∑n
j=1 λn,jXj of ZZ[X1, . . . , Xn] and a pointP =

(p1, . . . , pn) ∈ ZZn of (absolute) height at most8κn8d4δ9 such that for1 ≤ r ≤
n− 1 the following conditions are satisfied:

i) the linear formsY1, . . . , Yn−r are in Noether position with respect to the vari-
etyVr,
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ii) the pointP (r) := (p1, . . . , pn−r) is a lifting point ofVr, i.e. the morphism
πr : Vr → Cn−r induced by the linear formsY1, . . . , Yn−r is unramified in
P (r),

iii) r = n− 1 or theπr–fiber of any pointQ ∈ πr
(
π−1
r+1

(
P (r+1)

))
is unramified,

i.e. for any pointx ∈ π−1
r (Q) the condition

det

(
J(F1, . . . , Fr)

∂(Xn−r+1, . . . , Xn)

)
(x) 6= 0

is satisfied.

Furthermore, we can choose the coefficients of the linear formsY1, . . . , Yn and
the coordinates of the pointP randomly and uniformly in the set
S := {1, 2, . . . , 8κn8d4δ9} with a probability of success of at least(

1− 1
2κ

)2

>
1
4
.

Proof LetΛ := (Λi,j)1≤i,j≤n be a matrix of indeterminates and let Ỹ1
...
Ỹn

 := Λ

X1
...
Xn

 .

Let us fix for the moment an arbitrary index1 ≤ r ≤ n− 1.
LetΛr := (Λi,j)1≤i≤n−r, 1≤j≤n and let

Hr := det



Λ1,1 . . . Λ1,n

...
...

Λn−r,1 . . . Λn−r,n
∂F1
∂X1

. . . ∂F1
∂Xn

...
...

∂Fr
∂X1

. . . ∂Fr
∂Xn


.

Thus we haveHr ∈ C [Λi,j , Xj ; 1 ≤ i ≤ n − r, 1 ≤ j ≤ n] and
deg Hr ≤ n − r + rd ≤ nd. Let x ∈ Cn an arbitrary point. Observe that the
Jacobian matrix 

∂F1
∂X1

(x) . . . ∂F1
∂Xn

(x)
...

...
∂Fr
∂X1

(x) . . . ∂Fr
∂Xn

(x)


has maximal rank r if and only if Hr(Λr, x) 6= 0 holds in
C[Λi,j ; 1 ≤ i ≤ n − r, 1 ≤ j ≤ n] (or equivalently if there exists a matrix
λ ∈ Q (n−r)×n with Hr(λ, x) 6= 0).

Let C be an arbitrary irreducible component of the varietyVr. Then
dim(C) = n − r and C(n−r)×n × C is an irreducible component of dimension
(n − r)(n + 1) of the variety C(n−r)×n × Vr and all irreducible components of
C(n−r)×n × Vr have this cylindric form.
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Since by hypothesis the ideal(F1, . . . , Fr) is radical, there exists a pointx ∈ C
such that the matrix 

∂F1
∂X1

(x) . . . ∂F1
∂Xn

(x)
...

...
∂Fr
∂X1

(x) . . . ∂Fr
∂Xn

(x)


has maximal rankr in x. Therefore we haveHr(Λr, x) 6= 0. Thus there exists
a matrix λr ∈ Q (n−r)×n with Hr(λr, x) 6= 0. On the other hand, the null
matrix 0r ∈ Q (n−r)×n satisfies the conditionHr(0r, x) = 0. This implies
that (C(n−r)×n × C) ∩ {Hr = 0} is an equidimensional variety of dimension
(n− r)(n+ 1)− 1 and that the same for(C(n−r)×n × Vr) ∩ {Hr = 0} holds.

Letϕr : C(n−r)×n×Cn → C(n−r)×n×Cn−r be the morphism of affine spaces
induced by the entries of the matrixΛr and the polynomials̃Y1, . . . , Ỹn−r. We are
now able to apply Lemma 1 toVr and toϕr andHr. Observingdeg Vr ≤ δ we
deduce from Lemma 1 (i) and (ii) that there exists a nonzero polynomial

Gr ∈ Q [Λi,j ; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]

with
degGr ≤ 2(n− r) + deg Vr ≤ 2n+ δ

such that for anyλr ∈ Q (n−r)×n with Gr(λr) 6= 0 all (n − r)–minors ofλr are

regular and such that for

 Y1
...
Yn

 := λr

X1
...
Xn

 the linear formsY1, . . . , Yn−r

induce a Noether normalization of the varietyVr. Taking into accountdeg Hr ≤
nd we deduce from Lemma 1 (iii) that there exists a nonzero polynomial

Rr ∈ Q [Λi,j , Ỹi; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]

with
degRr ≤ (n− r + 1)(nd)2(deg Vr)3 ≤ n3d2δ3

such thatRr vanishes on theϕr–image of the set

(C(n−r)×n × Vr) ∩ {Hr = 0, Gr 6= 0}.

ConsideringRr as a polynomial in the variables̃Y1, . . . , Ỹn−r we may choose
a nonzero coefficient of a suitable monomial ofỸ1, . . . , Ỹn−r occurring inRr.
Multiplying Gr by this coefficient, we may assume without loss of generality that
for any matrix λr ∈ C (n−r)×n with Gr(λr) 6= 0 the polynomial
Rr(λr, Ỹ1, . . . , Ỹn−r) is not identically zero and thatdegGr ≤ 2n3d2δ3 holds.

Let nowD be an arbitrary irreducible component of the varietyVr+1. As be-
fore one may choose a pointx ∈ D such that the matrix

∂F1
∂X1

. . . ∂F1
∂Xn

...
...

∂Fr+1
∂X1

. . . ∂Fr+1
∂Xn


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has maximal rankr + 1 in x. Therefore also the matrix
∂F1
∂X1

. . . ∂F1
∂Xn

...
...

∂Fr
∂X1

. . . ∂Fr
∂Xn


has maximal rank, namelyr, in x. Therefore there exists a matrixλr ∈ Q(n−r)×n

such thatHr(λr, x) 6= 0. This implies that the coordinate function of the
Q –algebra Q[C(n−r)×n × D], induced by the polynomialHr, does not vanish
identically. SinceD was an arbitrary irreducible component ofVr+1 we conclude
that the coordinate function of

Q[C(n−r)×n× Vr+1] ∼= Q[Λi,j , Xj ; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]/(F1, . . . , Fr+1),

induced by the polynomialHr, is not a zero divisor.
Consider now the Q–algebra extension

A := Q [Λi,j , Ỹi; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n] ⊂

⊂ B := Q [Λi,j , Xj ; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]/(F1, . . . , Fr)

and denote byFr+1 andHr the residue class ofFr+1 andHr in B. Observe that
B is a equidimensional and reduced Q–algebra of Krull dimension(n−r)(n+1),
thatFr+1 is not a zero divisor ofB, thatHr does not belong to any (isolated)
prime component of the principal idealBFr+1 and thatA is a polynomial ring
over Q in (n− r)(n+ 1) variables (namely in the entries of the matrixΛr and in
Ỹ1, . . . , Ỹr). The nonzero polynomialsGr andRr belong toA and the localization
AGr is integrally closed. From the geometric properties of the polynomialGr we
deduce that the mapϕr induces a finite, surjective morphism of varieties which
maps(C(n−r)×n ∩ {Gr 6= 0})× Vr onto(C(n−r)×n ∩ {Gr 6= 0})× Cn−r.

Thus the Q–algebra extensionAGr → BGr is integral. Since the polynomial
Rr vanishes on theϕr–image of the locally closed variety

(C(n−r)×n × Vr) ∩ {Hr = 0, Gr 6= 0}

we may suppose without loss of generality (replacing the polynomialRr by a suit-
able factor) that the radical of the principal ideal generated byRr inAGr coincides
with the radical ideal ofAGr ∩ (BGrHr) in AG.

From the cylindric structure of the irreducible components of C(n−r)×n×Vr+1

one deduces immediately that no (isolated) prime component of the idealBFr+1

contains the polynomialGr.
If there exists an (isolated) prime component ofBFr+1 which contains the

polynomialRr we have the same situation forBGrFr+1. Considering now the
integral ring extensionAGr → BGr and taking into account thatAGr is integrally
closed, one concludes by standard arguments of commutative algebra (as e.g. in
[13]) that there exists an isolated prime component ofBGrFr+1 which contains
Hr and therefore we have the same situation forBFr+1. As we have seen before,
this is impossible. Thus we have shown that no (isolated) prime component of
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BFr+1 contains the polynomialRr. By the way, let us observe that we did not
make use of the Cohen–Macaulayness of the Q–algebraB.

Translated into geometry our conclusion means that

dim
(

(C(n−r)×n × Vr+1) ∩ {Rr = 0}
)
≤ (n− r)(n+ 1)− 2

holds.
Consider now the morphism of affine spaces

ψr+1 : C(n−r)×n × Cn → C(n−r)×n × Cn−r−1

induced by the entries of the matrixΛr and the polynomials̃Y1, . . . , Ỹn−r−1. Ap-
plying now Lemma 1 (iii) to Vr+1, ψr andRr, we conclude that there exists a
nonzero polynomial

Ar ∈ Q [Λi,j , Ỹ1, . . . , Ỹn−r−1; 1 ≤ i ≤ n− r, 1 ≤ j ≤ n]

with deg Ar ≤ (n − r)(deg Rr)2(deg Vr+1)3 ≤ n7d4δ9 such thatAr vanishes
on theψr–image of the locally closed variety

C(n−r)×n × Vr+1 ∩ {Rr = 0, Gr+1 6= 0}.

ConsideringAr as a polynomial in the variables̃Y1, . . . , Ỹn−r−1, we may
choose a nonzero coefficient of a suitable monomial ofỸ1, . . . , Ỹn−r−1 occur-
ring in Ar. Multiplying Gr by this coefficient we may assume without loss of
generality that for any matrixλr ∈ C(n−r)×n with Gr(λr) 6= 0 the polynomial
Ar(λr, Ỹ1, . . . , Ỹn−r−1) is not identically zero and thatdegGr ≤ 3n7d4δ9 holds.

Let G := det(Λ) ·
∏n−1
r=1 Gr andR :=

∏n−1
r=1 ArRr. ThenG is a nonzero

polynomial of Q[Λi,j ; 1 ≤ i, j ≤ n] with degG ≤ 4n8d4δ9 andR is a nonzero
polynomial of Q[Λi,j , Ỹj ; 1 ≤ i, j ≤ n] with degR ≤ 2n8d4δ9. Recall that the
statement of Theorem 3 depends on a parameterκ ∈ IN . We suppose now that this
parameter is fixed.

Let S := {1, . . . , 6κn8d4δ9}. Observe that the cardinality#S of the setS is
strictly larger thandegG anddegR. Therefore, we may find, by a random choice,
a matrixλ ∈ Sn×n and a pointP ∈ Sn such that the conditionsG(λ) 6= 0 and
R(λ, P ) 6= 0 are satisfied. By the Zippel–Schwartz test (see [71], [57] or [72]) the
probability of success of such a random choice is at least(

1− deg(G)
#(S)

)(
1− deg(R)

#(S)

)
≥
(

1− 4n8d4δ9

#(S)

)2

=
(

1− 1
2κ

)2

≥ 1
4
.

Suppose that there is given a matrixλ = (λi,j)1≤i,j≤n ∈ Sn×n and a point
P = (p1, . . . , pn) ∈ Sn such thatG(λ) 6= 0 andR(λ, P ) 6= 0 holds. From
G(λ) 6= 0 we deduce thatdet(λ) 6= 0 and this implies that for Y1

...
Yn

 := λ

X1
...
Xn


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the condition Q[Y1, . . . , Yn] = Q [X1, . . . , Xn] is satisfied.
Consider an arbitrary index1 ≤ r ≤ n − 1. Let λr := (λi,j)1≤i≤n−r, 1≤j≤n,

P (r) := (p1, . . . , pn−r) andP (r+1) := (p1, . . . , pn−r−1). Observe that we have

with this notation

 Y1
...

Yn−r

 := λr

X1
...
Xn

. Denote byπr : Vr → Cn−r and

πr+1 : Vr+1 → Cn−r−1 the morphisms of affine varieties induced by the linear
formsY1, . . . , Yn−r andY1, . . . , Yn−r−1. FromG(λ) 6= 0 we deduceGr(λr) 6= 0.
Therefore all (n − r)–minors of λr are regular. This implies
Q [Y1, . . . , Yn−r, Xi1 , . . . , Xir ] = Q [X1, . . . , Xn] for any choice ofr indices
1 ≤ i1 < · · · < ir ≤ n. Moreover, fromGr(λr) 6= 0 we infer that the lin-
ear formsY1, . . . , Yn−r induce a Noether normalization of the varietyVr. Thus
Y1, . . . , Yn−r satisfy condition (i) of Theorem 3. We conclude in particular that
πr : Vr → Cn−r andπr+1 : Vr+1 → Cn−r−1 are finite surjective morphisms
of affine varieties. Since by construction the polynomialRr vanishes on theϕr–
image of the locally closed variety

(C(n−r)×n × Vr) ∩ {Hr = 0, Gr 6= 0},

we conclude that for any pointx ∈ Vr with Hr(λr, x) = 0 the condition

Rr
(
λr, πr(x)

)
= Rr

(
λr, Y1(x), . . . , Yn−r(x)

)
= 0

is satisfied. On the other hand we have by assumptionR(λ, P ) 6= 0. This implies
Rr(λr, P (r)) 6= 0. FromRr(λr, P (r)) 6= 0 we deduce now that the polynomial
Hr(λr, X1, . . . , Xn) vanishes nowhere onπ−1

r (P (r)). Let x be an arbitrary point
of π−1

r (P (r)). Then we have

0 6= Hi(λr, x) = det



λ1,1 . . . λ1,n

...
...

λn−r,1 . . . λn−r,n
∂F1
∂X1

(x) . . . ∂F1
∂Xn

(x)
...

...
∂Fr
∂X1

(x) . . . ∂Fr
∂Xn

(x)


.

Since all(n − r)–minors ofλr are regular we conclude that there existr indices
1 ≤ i1 < · · · < ir ≤ n such that the linear formsY1, . . . , Yn−r, Xi1 , . . . , Xir are
Q–linearly independent and such that

det


∂F1
∂Xi1

(x) . . . ∂F1
∂Xir

(x)
...

...
∂Fr
∂Xi1

(x) . . . ∂Fr
∂Xir

(x)

 6= 0

holds. Sincex ∈ π−1
r (P (r)) was arbitrary, this means that the finite morphism

πr : Vr → Cn−r is unramified in the pointP (r). ThusP (r) is a lifting point ofVr.
Therefore,Y1, . . . , Yn−r andP (r) satisfy condition(ii) of Theorem 3.
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Observe now thatG(λ) 6= 0 andR(λ, P ) 6= 0 impliesGr+1(λr) = Gr(λr) 6=
0 andAr(λr, P (r+1)) 6= 0.

Let us consider an arbitrary pointQ ∈ πr
(
π−1
r+1(P (r+1))

)
. Then there exists a

pointz ∈ π−1
r+1(P (r+1)) such that

Q =
(
Y1(z), . . . , Yn−r(z)

)
=
(
p1, . . . , pn−r−1, Yn−r(z)

)
holds. Suppose now

0 = Rr
(
λr, Q

)
= Rr

(
λr, Y1(z), . . . , Yn−r(z)

)
.

Since by construction the polynomialAr vanishes on theψr+1–image of the lo-
cally closed variety

(C(n−r)×n × Vr+1) ∩ {Rr = 0, Gr+1 6= 0}

and since we haveGr+1(λr) 6= 0, we conclude

0 = Ar
(
λr, Y1(z), . . . , Yn−r−1(z)

)
= Ar

(
λr, p1, . . . , pn−r−1

)
= Ar(λr, P (r+1)).

However, as we have seen before, our choice ofλ andP impliesAr(λr, P (r+1)) 6=
0. Therefore we haveRr(λr, Q) 6= 0.

Following our previous reasoning, this means that the morphismπr is unram-
ified in the pointQ. ThereforeY1, . . . , Yn−r andP (r+1) satisfy condition(iii) of
Theorem 3. ut

From now on we shall suppose thatκ is fixed and that we have already chosen
linear formsY1, . . . , Yn ∈ ZZ[X1, . . . , Xn] and a pointP = (p1, . . . , pn) ∈ ZZn

satisfying the conditions(i), (ii), and(iii) of Theorem 3 and having coordinates
in S = {1, . . . , 8κn8d4δ9}.

4 Algorithmic tools

In this section we are going to exhibit efficient algorithms for some specific geo-
metric tasks. These tasks are crucial for the design of our main algorithm which
computes a geometric solution of the algebraic varietyVn := V (F1, . . . , Fn). Fix
1 ≤ r ≤ n− 1. We are going to consider the following tasks:

– lifting of a projection: given a geometric solution of the lifting fiberVP (r) of the
morphismπr : Vr → Cn−r and a polynomialF ∈ Q [X1, . . . , Xn], compute
the minimal polynomial ofF over Q[Vr],



20 J. Heintz et al.

– the following effective variant of the Shape Lemma: let K be a field of char-
acteristic zero with algebraic closureK. Let be given three nonconstant and
square–free polynomialsf, g, h ∈ K[T ] by their coefficients and let be given
a nonzero elementα ∈ K. Suppose that the linear formαX + Y separates
points of the zero–dimensional variety{(x, y) ∈ K̄2; f(x) = 0, g(x) = 0}
and that the varietyW := {(x, y) ∈ K̄2; f(x) = 0, g(x) = 0, h(αx+y) = 0}
is nonempty. The task consists in the computation of a geometric solution of
the zero–dimensional algebraic varietyW .

– lifting of a zero–dimensional fiber: given a geometric solution of the lifting
fiber VP (r) of the morphismπr : Vr → Cn−r, compute a geometric solution
of Vr,

– computation of a projection: given a geometric solution of the lifting fiber
VP (r) of the morphismπr : Vr → C n−r, compute the minimal equation
satisfied by the linear formYn−r over the lifting fiberVP (r+1) of the morphism
πr+1 : Vr+1 → Cn−r−1.

4.1 Newton–Hensel lifting of a projection

Fix again1 ≤ r ≤ n−1. In this subsection we shall develop an efficient algorithm
for the following task:

Given a polynomialF ∈ Q [Y1, . . . , Yn], compute a polynomialqF ∈
Q [Y1, . . . , Yn−r][T ] such that the conditionqF (Y1, . . . , Yn−r, F ) ∈ (F1, . . . , Fr)
is satisfied.

This task is a fundamental problem for geometric elimination procedures and
was considered by several authors (see for example [24], [42], [26], [25], [22],
[52]). Our approach is inspired by [22], where the authors describe an algorithm
which solves this task starting from a geometric solution of the lifting fiberVP (r)

as input.
Let notations and assumptions be as before. Assume that there is given a geo-

metric solution of the varietyVr and assume that this geometric solution is compat-
ible with the given lifting pointP (r) ∈ ZZn−r. In view of the notation introduced
in Section 1 let this geometric solution be given by the following items:

– a linear formU ∈ Q [Yn−r+1, . . . , Yn] inducing a primitive elementu of the
integral ring extension Q[Yn−r+1, . . . , Yn] ↪→ Q[Vr] with minimal polynomial
q(T ) ∈ Q [Y1, . . . , Yn−r][T ]

– primitive polynomials

ρn−r+1Yn−r+1 − vn−r+1(T ) , . . . , ρnYn − vn(T )

with vn−r+1(T ), . . . , vn(T ) belonging to Q[Y1, . . . , Yn−r][T ] andρn−r+1,
. . . , ρn being nonzero elements of Q[Y1, . . . , Yn−r].

These items satisfy by assumption the following conditions:



On the time–space complexity of geometric elimination procedures 21

i) degT q = rankQ[Y1,...,Yn−r]Q [Vr]
ii) ρn−r+1Yn−r+1−vn−r+1(T ), . . . , ρnYn−vn(T ) form a generic “parametriza-

tion” of the varietyVr by the zeroes ofq(T ) (see Section 1 for details)
iii) ρn−r+1(P (r)) 6= 0, . . . , ρn(P (r)) 6= 0 and discrT q(P (r)) 6= 0

In order to simplify notations, we assume without loss of generalityδr =
degT q = rankQ[Y1,...,Yn−r]Q [Vr].

The given geometric solution ofVr induces a geometric solution of the lifting
fiberVP (r) . This geometric solution is given by a primitive elementu(r) ∈ Q [Vr],
namely the coordinate function defined by the linear formU , and by the polyno-
mials

q(P (r))(T ) := q(P (r), T )

Yn−r+1 − v(P (r))
n−r+1(T ) := Yn−r+1 − 1

ρ(P (r))
vn−r+1(P (r), T )

...

Yn − v(P (r))
n (T ) := Yn − 1

ρ(P (r))
vn(P (r), T )

with v(P (r))
n−r+1(T ), . . . , v(P (r))

n (T ) ∈ Q [T ]. Hereq(P (r))(T ) is the minimal poly-
nomial of the primitive elementu(r) in Q [VP (r) ] and the polynomialsYn−r+1 −
v

(P (r))
n−r+1(T ), . . . , Yn − v(P (r))

n (T ) parametrize the points ofVP (r) by the zeroes of

the polynomialq(P (r))(T ). Denote byM ∈ Q δr×δr the companion matrix of the
polynomial q(P (r))(T ). ConsideringF1, . . . , Fr as polynomials in the variables
Yn−r+1, . . . , Yn with coefficients in the polynomial ring Q[Y1, . . . , Yn−r] let us
write

h0 := det


∂F1

∂Yn−r+1
. . . ∂F1

∂Yn

...
...

∂Fr
∂Yn−r+1

. . . ∂Fr
∂Yn

 .

Observing that the vanishing idealI(VP (r)) of the lifting fiberVP (r) is gen-
erated in Q[Yn−r+1, . . . , Yn] by the polynomialsF1(P (r), Yn−r+1, . . . , Yn), . . . ,
Fr(P (r), Yn−r+1, , . . . , Yn) we easily deduce from conditions(i)–(iii) above that

the rationalδr × δr matrixh0

(
P (r), v

(P (r))
n−r+1(M), . . . , v(P (r))

n (M)
)

is invertible.

The algorithm of [22] relies on a symbolic iteration of the following Newton–
Hensel operator:

N(Yn−r+1, . . . , Yn)t :=

=

Yn−r+1

...
Yn

−


∂F1
∂Yn−r+1

· · · ∂F1
∂Yn

...
...

∂Fr
∂Yn−r+1

· · · ∂Fr∂Yn


−1

·

F1(Yn−r+1, . . . , Yn)
...

Fr(Yn−r+1, . . . , Yn)

 .

Here N(Yn−r+1, . . . , Yn)t denotes the transposition of the row vector
N(Yn−r+1, . . . , Yn) to the corresponding column vector. The approach of [22] is
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based on the observation that anygeneric0–dimensional fiberVP (r) provides all
necessary information for the reconstruction of a geometric solution of thepositive
dimensional varietyVr.

LetD be the total degree ofF and letσ := blog(Dδr)c+ 1. Let us denote by

(
gn−r+1

h
, . . . ,

gn
h

) the vector of rational functions

gk
h
∈ Q (Y1, . . . , Yn−r)[Yn−r+1, . . . , Yn],

n− r ≤ k ≤ n, obtained by iterating the Newton–Hensel operatorσ times. Since

the rationalδr×δr matrixh0(P (r), v
(P (r))
n−r+1(M), . . . , v(P (r))

n (M)) is invertible, we
may assume without loss of generality that the same holds for

h(P (r), v
(P (r))
n−r+1(M), . . . , v(P (r))

n (M)). Thus we see that the matrix

h(v(P (r))
n−r+1(M), . . . , v(P (r))

n (M)), that we obtain from the polynomial
h(Y1, . . . , Yn) by specializing the variablesYn−r+1, . . . , Yn into the rational

δr × δr matricesv(P (r))
n−r+1(M), . . . , v(P (r))

n (M), is an invertible element of the ma-
trix ring

Q [Y1, . . . , Yn−r]δr×δr(Y1−p1,...,Yn−r−pn−r)

and hence of the matrix rings Q(Y1, . . . , Yn−r)δr×δr and Q[[Y1− p1, . . . , Yn−r −
pn−r]]δr×δr (here Q[[Y1 − p1, . . . , Yn−r − pn−r]] denotes the formal power series
ring over Q in the variablesY1 − p1, . . . , Yn−r − pn−r ). With all these notations
we have the following result:

Theorem 4 ([22], Lemma 29)Suppose thatF (Y1, . . . , Yn) is a polynomial of
Q [Y1, . . . , Yn] having degree at mostD. Suppose thatF is given by a straight–
line program using spaceS and timeT . The coordinate function ofVr defined
by the polynomialF has a monic minimal polynomialqF (T ) ∈ Q [Y1, . . . ,
Yn−r][T ] with respect to the ring extensionQ [Y1, . . . , Yn−r] ↪→ Q [Vr]. For
1 ≤ k ≤ r let us introduce the followingδr × δr matrix:

Nn−r+k := gn−r+k

(
v

(P (r))
n−r+1(M), . . . , v(P (r))

n (M)
)
·

h
(
v

(P (r))
n−r+1(M), . . . , v(P (r))

n (M)
)−1

(observe thatNn−r+k is an element ofQ [Y1, . . . , Yn−r]δr×δr(Y1−p1,...,Yn−r−pn−r)).

Finally, letMF ∈ Q [Y1, . . . , Yn−r]δr×δr(Y1−p1,...,Yn−r−pn−r) be theδr × δr ma-
trix defined by the formulaMF := F (Y1, . . . , Yn−r,Nn−r+1, . . . ,Nn) and let
q̃F (T ) ∈ Q [Y1, . . . , Yn−r](Y1−p1,...,Yn−r−pn−r)[T ] be the minimal polynomial of
MF . Suppose thatdegT qF = degT q̃F holds. Then we have that in

Q [Y1, . . . , Yn−r](Y1−p1,...,Yn−r−pn−r)[T ]

(and hence inQ [[Y1 − p1, . . . , Yn−r − pn−r]][T ]) the polynomialsqF and q̃F are
congruent modulo the ideal(Y1 − p1, . . . , Yn−r − pn−r)Dδr+1. In symbols we
have:

qF ≡ q̃F modulo(Y1 − p1, . . . , Yn−r − pn−r)Dδr+1 .
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By means of this theorem and of the estimationdeg qF ≤ Dδr ([55]) it is
possible to design a computation tree which produces a straight–line program rep-
resenting every coefficient of the polynomialqF (T ) with respect to the variableT .
This computation tree (and the corresponding straight–line program for the coef-

ficients ofqF (T )) uses spaceO
(
SrDδr3

)
and timeO

(
T r4D2δr

6
)

.

Sketch of the construction of the computation tree:First we compute the Jaco-
bian matrix 

∂F1
∂Yn−r+1

. . . ∂F1
∂Yn

...
...

∂Fr
∂Yn−r+1

. . . ∂Fr
∂Yn


and its inverse using neither divisions nor branchings (by means, e.g., of the Samu-
elson algorithm [18]). Then, we compute the polynomialsgn−r+1, . . . , gn, h, only
using non–essential divisions, by means of a suitable homogenization procedure
(see [22], Lemma 27). Afterwards, we evaluate the given parametrization polyno-

mialsv(P (r))
n−r+1(T ), . . . , v(P (r))

n (T ) in the companion matrixM . Now we substitute
in the given straight–line program for the polynomialF (Y1, . . . , Yn) the input
nodesYn−r+1, . . . , Yn by the rational functionsgn−r+1

h , . . . , gnh and compute nu-
merator and denominator of the resulting rational function
F
(
Y1, . . . , Yn−r,

gn−r+1
h , . . . , gnh

)
separately. To this numerator and denominator

we apply the same procedure as before, replacing the input nodesYn−r+1, . . . , Yn

by the matricesv(P (r))
n−r+1(M), . . . , v(P (r))

n (M). In this way we easily obtain a
straight–line program representation of the entries of the matrixMF , dividing
only by units in

Q [Y1, . . . , Yn−r](Y1−p1,...,Yn−r−pn−r).

Then we represent each coefficient of the characteristic polynomialq̃F (T ) of the
matrixMF as the quotient of two polynomials, the denominator being a unit in
Q[Y1, . . . , Yn−r](Y1−p1,...,Yn−r−pn−r). These polynomials are given by a division–
free straight–line program in Q[Y1, . . . , Yn−r] and we obtain this straight–line
program adding only division–free linear algebra routines ([18]) to the previously
computed straight–line program representation of the entries of the matrixMF .
Applying to this numerator-denominator representation of each coefficient of
q̃F (T ) theVermeidung von Divisionenprocedure [64], we obtain a division–free
straight–line program in Q[Y1, . . . , Yn−r] which computes the coefficients of a
polynomial of Q[Y1, . . . , Yn−r][T ] which is in Q[[Y1 − p1, . . . , Yn−r − pn−r]][T ]
congruent tõqF modulo the ideal(Y1 − p1, . . . , Yn−r − pn−r)Dδr+1. From this
polynomial it is now easy to read–off the coefficients ofqF with respect to the
variableT .

Since the quantityδr may be large in many practical situations, theO(δ3
r) space

requirement for the evaluation of this computation tree seems to be prohibitive
for an efficient implementation. Moreover we would also like to reduce the time
requirement ofO(δ6

r) of this procedure, in order to increase the range of practical
problems which can be treated by our algorithmic approach.
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For this reason we are now going to develop several linear algebra procedures
that profit from the fact that all the matrices we have to deal with are in some sense
“structured” ones. This will allow us to reduce the time–space complexity of the
subroutine we are considering here. We are now going to show that the geometric
sub–problem under consideration can be solved in spacequadraticand timecubic
in δr.

4.1.1 Time–space economy in linear algebraWe start this subsection with the
formulation of a preliminary result concerning modular computation with straight–
line programs.

Lemma 2 LetR be the polynomial ringQ[Y1, . . . , Yn−r] and letK be its quotient
field. Let be given polynomialsq(T ), f(T ) and g(T ) of R[T ]. Assume thatq(T )
is separable and monic with respect to the variableT and letδ := degT q(T ).
Assume furthermore thatq(T ) and g(T ) are coprime inK[T ] and that there is
given a division–free straight–line programβ in R[T ] which computes the coef-
ficients of the polynomialq(T ) with respect to the variableT and which evalu-
ates the polynomialsf(T ) and g(T ) with respect to all variables (includingT )
in spaceS and timeT . Then there exists a division–free straight–line program in
Q [Y1, . . . , Yn−r] = R computing a nonzero elementα of R and the coefficients
of a polynomialh(T ) of R[T ] with degT h ≤ δ − 1 such that inR[T ] the con-
dition g(T )h(T ) ≡ αf(T ) moduloq(T ) is satisfied. This straight–line program
uses spaceO(Sδ) and timeO((T + δ)δ log δ log log δ) = O(T δ2 log log δ).

Proof First we compute the coefficients of the remainders of the division off(T )
andg(T ) by q(T ) and call themf̃(T ) and g̃(T ) respectively. For this purpose,
we execute the straight–line programβ performing polynomial arithmetic modulo
q(T ) in each step. Each intermediate result of the computation is a polynomial of
R[T ] of degree at mostδ − 1, which we represent by a vector ofRδ.

We are now going to see howβ can be transformed into a division–free
straight–line program̃β in Q [Y1, . . . , Yn−r] = R which computes the coeffi-
cients of f̃(T ) and g̃(T ) with respect to the variableT . This transformation is
performed step by step along the straight–line programβ. Each addition node of
β is transformed in the most obvious way intoδ addition nodes of̃β.

We are now going to describe the transformation of a multiplication node of
β. Let u(T ) and v(T ) be intermediate results ofβ and let us suppose that the
coefficients ofu(T ) moduloq(T ) andv(T ) moduloq(T ) are already computed by
the straight–line program̃β. We compute then the coefficients of the polynomial
(u · v)(T ) by means of a FFT–based algorithm (see [5]) and divide afterwards
(u · v)(T ) by q(T ) using the Sieveking–Kung algorithm which is based on the
inversion of formal power series (see [61], [8] or [5]). This single transformation
step can be performed in spaceO(δ) and timeO(δ log δ log log δ).

This first part of the computation, which produces the coefficients off̃(T ) and
g̃(T ) with respect to the variableT , can therefore be performed in spaceO(Sδ)
and timeO(T δ log δ log log δ). Now suppose that the coefficients off̃(T ) and of
g̃(T ) are already computed. Observe that these coefficients can be stored in space
O(δ).
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Then, we apply the algorithms based on Hankel matrices of [58] and [59] in
order to produce a nonzero elementα ∈ R and a polynomial̃h(T ) ∈ R[T ] which
satisfy inR[T ] the conditionh̃(T )g̃(T ) ≡ α moduloq(T ). This can be done in
additional spaceO(δ) and timeO(δ2 log δ log log δ). Finally, multiplying f̃(T )
and h̃(T ) and dividing the result byq(T ) in the same way as before, we obtain
the coefficients of a polynomialh(T ) ∈ R[T ] which satisfies the requirements of
the statement of Lemma 2. The complexity bounds of the lemma are obtained by
adding up the complexities of the different steps of the algorithm just described.
ut

Now we state the fundamental result of this subsection (compare [2] and [54]).

Lemma 3 Let notations and assumptions be as in Lemma 2. LetM be the com-
panion matrix of the polynomialq(T ). Thusg(M) is a δ × δ matrix with entries
fromR, which is invertible in the matrix ringKδ×δ. LetN be the matrixN :=
f(M)g(M)−1. Then there exists a straight–line program inQ[Y1, . . . , Yn−r] = R
which computes in spaceO(Sδ) and timeO((T + δ) δ log δ log log δ ) =
O(T δ2 log δ log log δ) the elementα ∈ R of the statement of Lemma 2 and the
αδ–multiples of the coefficients of the characteristic polynomialχN (Y ) of N . In
particular, theseαδ–multiples of the coefficients ofχN (Y ) are elements ofR (here
Y is a new variable).

Proof From Lemma 2 we deduce thath(M) = αf(M)g−1(M) = αN holds and
therefore theδ × δ matrixαN has its entries fromR.

The algorithm underlying the statement of Lemma 3 runs as follows: we com-
pute first the traces of the matricesαN, . . . , (αN)δ and use then the Newton rela-
tions in order to produce the coefficients of the characteristic polynomialχαN (Y )
of the matrixαN . Finally we compute the coefficients of the polynomialχαN (αY )
which are in fact theαδ–multiples of the coefficients of the polynomialχN (Y ).

Let T be a new variable. In order to compute for1 ≤ k ≤ δ the trace
tr((αN)k) of the matrix(αN)k time–space–efficiently (i.e. avoiding the explicit
computation of the matrices(αN)k which requires spaceO(δ2)), we consider the
decomposition of the polynomialq(T ) into linear factors over an algebraic clo-
sureK̄ of the fieldK, namely the decompositionq(T ) =

∏
1≤i≤δ(T − αj) with

αi ∈ K̄.
We shall use the following representation for the derivativeq′(T ) := ∂q(T )

∂T of
the polynomialq(T ):

q′(T ) =
δ∑
i=1

∏
j 6=i

(T − αj) .

From the given decomposition ofq(T ) in linear factors we infer that in̄K[T ]
for any1 ≤ i ≤ δ the congruence relation

T
∏
j 6=i

(T − αj) ≡ αi
∏
j 6=i

(T − αj) moduloq(T )
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holds. Summing up these congruence relations, we obtain

T
δ∑
i=1

∏
j 6=i

(T − αj) ≡
δ∑
i=1

αi
∏
j 6=i

(T − αj) moduloq(T ) .

This implies that for any polynomialp(T ) ∈ R[T ] the congruence relation

p(T )q′(T ) = p(T )
∑δ
i=1

∏
j 6=i(T − αj)

≡
∑δ
i=1 p(αi)

∏
j 6=i(T − αj) moduloq(T )

(5)

holds inR[T ].
This means thattr(p(M)) =

∑
1≤i≤δ

p(αi) appears as the leading coefficient of

the remainder of the division of the polynomial(p ·q′)(T ) by the polynomialq(T ).
In particular, we deduce from the congruence relation (5) that for any1 ≤ k ≤

δ the valuetr
(
(αN)k

)
= tr

(
h(M)k

)
appears as the(δ − 1)–th coefficient of the

remainder of the division of(hkq′)(T ) by q(T ) (hereh(T ) is the polynomial of
the statement of Lemma 2).

By assumption, the given straight–line programβ produces the coefficients of
the polynomialq(T ) and therefore, without loss of generality, also the coefficients
of the derivativeq′(T ). Now, applying Lemma 2, we compute in spaceO(Sδ)
and timeO((T + δ)δ log δ log log δ) the elementα and the coefficients of the
polynomialh(T ) with respect to the variableT . At this moment we store only the
elementα ∈ R and the coefficients ofq(T ), of q′(T ) moduloq(T ) and ofh(T ).
This can be done in spaceO(δ).

From these data we compute now in the same way as at the beginning of the
proof the following items: first we compute the coefficients of the polynomial
(h · q′)(T ) moduloq(T ) and store them for the next step, while we clear from
our memory space the coefficients ofq′(T ). Next we compute from the coeffi-
cients of(h · q′)(T ) moduloq(T ), h(T ) andq(T ) the coefficients of(h2 · q′)(T )
moduloq(T ), while we clear from our memory space all coefficients of(h·q′)(T ),
except the(δ − 1)–th one. We proceed in this way duringδ successive steps, the
computation of the coefficients of(h · q′)(T ) moduloq(T ) and of (h2 · q′)(T )
modulo q(T ) being the first and second one. Let1 < k ≤ δ. In the k–th step
we compute the coefficients of(hk · q′)(T ) moduloq(T ) from the coefficients of
(hk−1 ·q′)(T ) moduloq(T ). Then we clear from our memory space all coefficients
of (hk−1 · q′)(T ) moduloq(T ), except the(δ − 1)–th one. In case1 < k < δ we
proceed to compute then in the same way the coefficients of(hk+1 ·q′)(T ) modulo
q(T ).

During this procedure only the elementα and the coefficients of the polyno-
mialsh(T ), q(T ) are stored permanently, while for1 ≤ k ≤ δ only the(δ− 1)–th
coefficient of the polynomial(hkq)(T ) moduloq(T ) is computed (and stored). As
we have seen before, these coefficients are the elementstr(αN), . . . ,tr

(
(αN)δ

)
.

Obviously this procedure can be performed in additional spaceO(δ) and time
O(δ2 log δ log log δ).
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Fromtr(αN), . . . , tr
(
(αN)δ

)
we obtain the coefficients ofχαN (T ) in addi-

tional constant space and timeO(δ) by means of the Newton relations. The co-
efficients ofχαN (αT ) are now easily computed multiplying the coefficients of
χαN (T ) by suitable powers ofα. Again this can be done in constant space and in
timeO(δ). Summing up the complexities of all these steps, we see that our proce-
dure yields a straight–line program for the desired output, which can be evaluated
in spaceO(Sδ) and timeO((T + δ)δ log δ log log δ) = O(T δ2 log δ log log δ).
ut

4.1.2 The Newton–Hensel iterationThe just proved Lemma 3 is the key algo-
rithmic result we are going to apply to the Newton–Hensel iteration procedure de-
scribed at the beginning of this section. First of all, we establish a suitable version
of the Vermeidung von Divisionenprocedure of [64], with the following refined
complexity bounds:

Lemma 4 LetF := {F0, . . . , Fm} be a finite set of polynomials ofQ[Y1, . . . , Yn]
of degree at mostδ, computed by a straight–line programβ in spaceS and time
T . AssumeF0 6= 0 and thatF0 dividesFi in Q [Y1, . . . , Yn] for any1 ≤ i ≤ m.
Then there exists a straight–line program that computes the polynomials

P1 :=
F1

F0
, . . . , Pm :=

Fm
F0

in spaceO(Sδ) and timeO
(
(T +log δ)δ log δ log log δ

)
= O

(
T δ log2δ log log δ

)
.

Proof This proof is an adaptation of an idea of [42]. Let be given an integer point
γ := (γ1, . . . , γn) ∈ ZZn such thatρ := F0(γ) 6= 0 holds (observe that, using the
Zippel–Schwartz test, such a point can be found, e.g. in the hypercube[1, 2δ]n ∩
ZZn, at an average cost of spaceS and time2T ).

For1 ≤ i ≤ m, let us writeGi(Y1, . . . , Yn) := Fi(Y1+γ1, . . . , Yn+γn) . One
easily sees that the polynomialPi(Y1 + γ1, . . . , Yn + γn) = Fi(Y1+γ1,...,Yn+γn)

F0(Y1+γ1,...,Yn+γn)

can be computed as the sum of the firstδ + 1 homogeneous components of the

polynomialGiρ
∑δ
k=0

(
ρ−G0
ρ

)k
. Note that this latter polynomial can be evaluated

by means of a straight–line program in spaceO(S) and timeO(T + log δ).
For the decomposition of a polynomial given by a straight–line program into

its homogeneous components we follow an idea of [47], which reduces the task
to polynomial arithmetic in Q[Y1, . . . , Yn][T ] moduloT δ+1. Applying FFT–based
polynomial multiplication (see [5]), we obtain a straight–line program that per-
forms theVermeidung von Divisionenprocedure using spaceO(Sδ) and time
O
(
(T + log δ)δ log δ log log δ)

)
, just as claimed in the statement of Lemma 4.

ut

We are now going to show a technical lemma which we need for our analysis
of the Newton–Hensel iteration.

Lemma 5 LetR be the polynomial ringQ [Y1, . . . , Yn−r] and letK be its quotient
field. Letβ be a straight–line program inQ [Y1, . . . , Yn−r] = R that computes the
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coefficients of two univariate polynomialsp(T ), q(T ) ∈ R[T ] with q(T ) 6= 0 in
spaceS and timeT . Let u(T ), v(T ) be two coprime polynomials ofK[T ] and
assume thatpq = u

v and degT u = δ and degT v < δ holds and thatu(T ) is
monic inT . Then, there exists a straight–line program inQ [Y1, . . . , Yn−r] = R
that computes a nonzero elementγ ∈ R and aγ–multiple of the coefficients ofu
in spaceO(S + δ) and timeO(T + δ2 log δ log log δ).

Proof Using the Zippel–Schwartz test we may assume by the same argument as
in the proof of Lemma 4 that there is given an elementt of Q with q(t) 6= 0.
Let u(T ) = T δ + uδ−1T

δ−1 + · · · + u0 with uδ−1, . . . , u0 ∈ K. Following [5,
Remark 2.9.1] we consider the power series representation of the rational function

v
(

(T−t)−1
)

(T−t)u
(

(T−t)−1
) with respect to the variable(T − t), namely

v
(

(T − t)−1
)

(T − t)u
(

(T − t)−1
) =

q
(

(T − t)−1
)

(T − t)p
(

(T − t)−1
) =

+∞∑
i=0

hi(T − t)i. (6)

Then, by [5, Proposition 2.9.1], we have the following identity:
h0 h1 . . . hδ−1

h1 h2 . . . hδ
...

...
...

hδ−1 hδ . . . h2δ−2




u0

u1

...
uδ−1

 = −


hδ
hδ+1

...
h2δ−1

 (7)

Without loss of generality we may assumep 6= 0 and hence(h0, . . . , h2δ−1) 6=
0. Now we apply the algorithm of Sieveking–Kung in order to compute in ad-
ditional spaceO(δ) and timeO

(
δ log2 δ log log δ

)
an elementρ ∈ R and for

γ := ρδ aγ–multiple of the first2δ coefficientsh0, . . . , h2δ−1 of (6) . Notice that
the solution(u0, . . . , uδ−1) of the linear equation system (7) does not change if we
substitute the elementsh0, . . . , h2δ−1 by their nonzero multiplesγh0, . . . , γh2δ−1.
Since the matrix appearing in (7) is of Hankel type, we can solve the system (7)
applying the technique of linear recurring sequences in additional spaceO(δ) and
additional timeO(δ2 log δ log log δ) (see e.g. [59]). In order to avoid divisions by
elements ofR we can modify slightly this classical algorithm and obtain as result
a nonzero elementγ of R such thatγu0, . . . , γuδ−1 are elements ofR forming a
solution of the system (7).ut

Let us now turn back to the situation at the beginning of this section. We re-
take the notation and the assumptions introduced at this place. We attack now
the main task of this subsection by the design of an algorithm which performs
σ = blog(Dδr)c + 1 iterations of the Newton–Hensel operator in space and time
which are, roughly speaking, only quadratic and cubic inδr.

Theorem 5 Let notations and assumptions be as at the beginning of this section.
The coefficients of the minimal polynomialqF ∈ Q [Y1, . . . , Yn−r][T ] satisfy-
ing the conditionqF (Y1, . . . , Yn−r, F ) ∈ (F1, . . . , Fr) can be computed from a
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given geometric solution of the lifting fiberVP (r) , by a straight–line program in
Q [Y1, . . . , Yn−r] using spaceO(SrDδ2

r) and timeO
(
(T rD + r4)Dδ3

r log3 δr
log2 log δr

)
.

Proof We follow the strategy of [22] as outlined in the Introduction, applying for
this purpose the procedures described in the proofs of Lemma 3 and Lemma 4.

Using a linear space straight–line program version of Samuelson’s algorithm
for the computation of the determinant (see [18] or [1]), we first compute without
divisions numeratorsgn−r+1, . . . , gn and a denominatorh of the rational functions
gn−r+1

h , . . . , gnh which represent theσ = blog(Dδr)c+1 iterations of the Newton–
Hensel operator. Following the general lines of [22, Lemma 27] this can be done
in spaceO(Sr) and timeO

(
(T r + r4) log(Dδr)

)
.

Let us denote byg(r)
n−r+1(T ), . . . , g(r)

n (T ), h(r)(T ) the polynomials of
Q[Y1, . . . , Yn−r][T ] resulting from the specialization of the variablesYn−r+1, . . . ,
Yn occurring in the polynomialsgn−r+1, . . . , gn, h into the “parametrizing” poly-

nomialsv(P (r))
n−r+1(T ), . . . , v(P (r))

n (T ) of the lifting fiberVP (r) . In Subsection 4.1 we

have shown that the matrixh(v(P (r))
n−r+1(M), . . . , v(P (r))

n (M)) we obtain specializ-

ing in h(Y1, . . . , Yn) the variablesYn−r+1, . . . , Yn into the matricesv(P (r))
n−r+1(M),

. . . , v
(P (r))
n (M) represents an invertible element of the matrix ring

Q [Y1, . . . , Yn−r]δr×δr(Y1−p1,...,Yn−r−pn−r) (recall thatM denotes the companion ma-

trix of the polynomial q(P (r))(T )). This implies thath(r)(T ) is a unit in
Q [Y1, . . . , Yn−r](Y1−p1,...,Yn−r−pn−r)[T ]/q(P (r))(T ).

Now we consider in Q[Y1, . . . , Yn−r](Y1−p1,...,Yn−r−pn−r)[T ] the rational
function

f (r) := F

(
Y1, . . . , Yn−r,

g
(r)
n−r+1(T )
h(r)(T )

, . . . ,
g

(r)
n (T )
h(r)(T )

)

modulo the polynomialq(P (r))(T ). For this purpose, we compute the homoge-
neous decomposition

d∑
k=0

Fk(Y1, . . . , Yn−r, Yn−r+1, . . . , Yn)

ofF (Y1, . . . , Yn), which we consider as a polynomial in the variablesYn−r+1, . . . ,
Yn with coefficients from Q[Y1, . . . , Yn−r]. This decomposition can be computed
by means of the procedure described in the proof of Lemma 4 using spaceO(SD)
and timeO(T D logD log logD). Considering in

Q [Y1, . . . , Yn−r](Y1−p1,...,Yn−r−pn−r)[T ]

the following identities:



30 J. Heintz et al.

f (r) = F

(
Y1, . . . , Yn−r,

g
(r)
n−r+1(T )

h(r)(T )
, . . . ,

g(r)
n (T )

h(r)(T )

)

=
∑D
k=0 Fk

(
Y1, . . . , Yn−r,

g
(r)
n−r+1(T )

h(r)(T )
, . . . ,

g(r)
n (T )

h(r)(T )

)

=
D∑
k=0

Fk

(
Y1, . . . , Yn−r, g

(r)
n−r+1(T ), . . . , g(r)

n (T )
)

(
h(r)(T )

)k
=

∑D
k=0 Fk

(
Y1, . . . , Yn−r, g

(r)
n−r+1(T ), . . . , g(r)

n (T )
) (
h(r)(T )

)D−k(
h(r)(T )

)D ,

we conclude that the numerator and denominator of the rational functionf (r) can

be computed in spaceO
(
S(r + D)

)
and timeO

(
(T rD + r4) log(Dδr)

)
using

only divisions by nonzero elements of Q.
Since by construction the polynomialsh(r)(T ) and q(P (r))(T ) are coprime

in Q (Y1, . . . , Yn−r)[T ] we are able to apply the procedure described at the be-
ginning of the proof of Lemma 2 in order to compute a polynomialf̃ (r)(T ) ∈
Q [Y1, . . . , Yn−r][T ] of degree in T at most δr − 1 and an element
α ∈ Q [Y1, . . . , Yn−r] satisfying in Q[Y1, . . . , Yn−r][T ] the condition
h(r)(T )Df (r)(T ) ≡ αg(T ) moduloq(P (r))(T ), with

g(T ) :=
∑

1≤k≤D

Fk(Y1, . . . , Yn−r, g
(r)
n−r+1(T ), . . . , g(r)

n (T )) · h(r)(T )D−k .

Thus we have in Q[Y1, . . . , Yn−r](Y1−p1,...,Yn−r−pn−r)[T ] the congruence relation

f̃ (r)(T ) ≡ αf (r)(T ) moduloq(P (r))(T ).
SinceM is the companion matrix of the polynomialq(P (r))(T ), this implies

with the notations of Theorem 4:

f̃ (r)(M) = αf (r)(M)

= αF (Y1, . . . , Yn−r,Nn−r+1, . . . ,Nn)

= αMF

.

The polynomialf̃ (r)(T ) and the elementα can be computed by means of a

straight–line program in spaceO
(
Sδr(r+D)

)
and timeO

(
(T rD+r4)δ2

r log2 δr

log log δr
)

.

We have shown thatαMF = f̃ (r)(M) holds. Therefore using a similar proce-
dure as in the proof of Lemma 3, we are able to compute theαδr–multiples of the
coefficients of the characteristic polynomialχ(T ) := χMF

(T ) ofMF in space
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O
(
Sδr(r + D)

)
and timeO

(
(T rD + r4)δ2

r log2 δr log log δr
)

. Thus, let us as-

sume that the coefficients of the polynomialαδχF (T ) are now computed.
Since the matrixMF is diagonalizable, it suffices to clear from the char-

acteristic polynomialχ(T ) of MF the multiple factors in order to obtain the
minimal polynomialq̃F of MF (recall the notations of Theorem 4). Therefore
the monic numerator of the irreducible representation of the rational function
χ(T )
χ′(T ) = αδχ(T )

αδχ′(T )
is in fact the minimal polynomial̃qF (T ) of the matrixMF .

Now, applying Lemma 5 to the rational functionα
δχ(T )

αδχ′(T )
we compute an element

γ ∈ R and aγ–multiple of the coefficientsa0, . . . , adeg(qF ) of the minimal poly-
nomial q̃F ofMF , such thatγa0, . . . , γadeg(qF ) are elements ofR. This can be
done in spaceO(Srδr) and timeO

(
(T rD + r4)δ2

r log2 δr log log δr
)
.

Taking into account the congruence relation

qF ≡ q̃F modulo(Y1 − p1, . . . , Yn−r − pn−r)Dδr

in Q [Y1, . . . , Yn−r][T ] (see Theorem 4) and the fact thatdeg qF ≤ Dδr holds
(see [55]), we deduce that for1 ≤ k ≤ deg qF the power series expansion of
thek–th coefficientak of the polynomialq̃F equals to thek–th coefficient of the
polynomialqF . Since the polynomialsγa0, . . . , γadeg(qF ), γ ∈ Q [Y1, . . . , Yn−r]
are already computed by a division–free straight–line program, we are finally able
to compute the polynomialsa0, . . . , adeg(qF ) ∈ Q [Y1, . . . , Yn−r] by means of
Lemma 4. This can be done in spaceO(SDrδr) and timeO

(
(T rD + r4)Dδ3

r

log3 δr log2 log δr
)
. ut

Remark 1In caser := n − 1, when the algebraic varietyVr = Vn−1 is a curve,
the algorithm underlying Theorem 5 outputs in fact the dense representation of the
polynomialqF (T ) ∈ Q [Y1, T ].

Proof In caser := n − 1, whenVr = Vn−1 has dimension one (i.e.Vr is a
curve), we have a Noether normalization of the form Q[Y1] ↪→ Q [Vn−1]. We ob-
serve that the algorithm underlying the proof of Theorem 5 computes the elements
γa0, . . . , γadeg(qF ), γ, which are in fact univariate polynomials of Q[Y1]. Then the
Vermeidung von Divisionenprocedure computes the power series expansion of the
rational expressionsγa0

γ , . . . ,
γadeg(qF )

γ up to degreeDδn−1, producing thus the
dense representation of the coefficients of the polynomialqF (T ) with respect to
the variableT . Therefore, the algorithm underlying Theorem 5 outputs the dense
representation of the polynomialqF ∈ Q [Y1, T ]. ut

We apply now Theorem 5 and Remark 1 to a particular case. This application
will be used again in Subsection 5.1.

Remark 2Let us consider the curve

WP (r+1) := Vr ∩ {Y1 = p1, . . . , Yn−r−1 = pn−r−1}

as a subvariety of Cr+1. Let ` ∈ Q [Y1, . . . , Yn] be a linear form such that
`, Yn−r+1, . . . , Yn are in Noether position with respect to the curveWP (r+1) and
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such that̀ plays the r̂ole of the free variable. Assume that there is given an ele-
menta ∈ Q such that the varietyV`,a := WP (r+1) ∩ {` = a} is a lifting fiber
of WP (r+1) . Assume furthermore that there is given a geometric solution of the
varietyV`,a, represented by polynomialsq(`,a), v

(`,a)
n−r , . . . , v

(`,a)
n ∈ Q [T ], i.e. we

assume that the following identity holds:

V`,a =
{(
v

(`,a)
n−r (u), . . . , v(`,a)

n (u)
)
∈ Cr+1 : q(`,a)(u) = 0

}
.

Let be given a polynomialF ∈ Q [Y1, . . . , Yn] of total degreeD by a straight–
line programγ in Q [Y1, . . . , Yn]. Let f be the coordinate function induced by the
polynomialF on the curveWP (r+1) . Then we can apply Theorem 5 in order to
compute the projection off along the “line”`, i.e. the minimal (integral) depen-
dence relationmF ∈ Q [`][T ] satisfied by the coordinate functionf . This can be
done using as input the straight–line programγ computingF and the given geo-
metric solution ofV`,a. We shall call this procedurelifting the projection ofF from
V`,a toWP (r+1) .

SinceWP (r+1) is a curve, we deduce from Remark 1 that the procedure of
Theorem 5 outputs thedenserepresentation of the polynomialmF ∈ Q [`, T ].

The technique of lifting a projection from a zero–dimensional variety to a curve
is fundamental for the main algorithm of this paper. This technique was indepen-
dently discovered and applied in [29].

4.2 An efficient Shape Lemma

This subsection will be devoted to the description of an efficient algorithm for the
following task:

Let be given a natural numberδ and let be given (by their coefficients) three
nonconstant and separable polynomialsf, g, h ∈ Q [T ] of degree at mostδ.
Moreover, let be given a nonzero elementα ∈ Q . Suppose that the linear form
u(X,Y ) := αX+Y separates the points of the zero–dimensional variety{(x, y) ∈
C2 : f(x) = 0, g(y) = 0} and that the varietyW := {(x, y) ∈ C2 : f(x) =
0, g(y) = 0, h(αx+ y) = 0} is nonempty. The task consists in the computation of
a geometric solution of the zero–dimensional varietyW .

In many elimination procedures this task appears only for the special caseh :=
0, while the required output is the geometric solution of the varietyW induced by
the linear formu(X,Y ) (see e.g. [24], [42]). In [42] for instance, this task is solved
by linear algebra computations.

From a practical point of view, this approach has the drawback of introducing
additional (extraneous) points, producing in this way a quadratic growth of the
size of the appearing matrices and hence also a quadratic excess of the space and
time complexity of the algorithm. In this way, the corresponding subroutine of the
elimination procedure under consideration contributes with an additional quadratic
growth to the overall complexity of the procedure.
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In order to overcome this undesirable effect, we reformulate the original algo-
rithmic task in the above indicated way: instead of considering zero–dimensional
varieties given only by two polynomialsf(X) andg(Y ) in two separate variables
and a linear formu(X,Y ) as in [42], we introduce an additional condition given
by the polynomialh(u(X,Y )), which eliminates the extraneous points.

In order to solve the task described above, it suffices to find a polynomial
v(T ) ∈ Q [T ] of degree at mostδ − 1, such thatX − v(u(X,Y )) vanishes on
the whole varietyW . Let us remark that the procedure of [42] computing such a
polynomialv(T ) requires spaceO(δ4) and timeO(δ8), and this is unfeasible for
our algorithmic aim. Therefore, we redesign the effective Shape Lemma version
of [42] in such a way that a quadratic complexity growth can be avoided. The
following result represents the effective Shape lemma version we are going to use
in the sequel (see Theorem 6 and Proposition 1 below).

Lemma 6 LetR be an integrally closed domain of characteristic zero which con-
tains the fieldQ of rational numbers. LetK be the fraction field ofR and letK̄
be an algebraic closure ofK. LetW ⊂ K̄2 be a zero–dimensional variety and
let δ := degW = #W . Let f ∈ R[T ] and g ∈ R[T ] be two nonconstant and
square–free polynomials of degree at mostδ. Moreover, let be given a nonzero el-
ementα ∈ Q and assume that the linear formu := αX + Y separates the points
of the varietyW0 := {(x, y) ∈ K̄2 : f(x) = 0, g(y) = 0}. Suppose furthermore
W ⊂W0. Finally leth ∈ R[T ] be the minimal polynomial of the coordinate func-
tion ofW induced by the linear formu. Assume that the polynomialsf(T ), g(T )
and h(T ) are given by their coefficients inR. Then there exists a nonzero ele-
mentρ ∈ R and a polynomialv(T ) ∈ R[T ] of degree strictly smaller thanδ,
such thatρX − v(u(X,Y )) vanishes on the whole varietyW and such thatρ and
the coefficients ofv(T ) can be computed by means of an essentially division–free
straight–line programβ in R using spaceO(δ2) and timeO(δ3 log2 δ log2 log δ).

Here by “essentially division–free” we mean thatβ contains only divisions by
nonzero elements of Q. Furthermore let us observe that the polynomialv(T ) of the
statement of Lemma 6 is uniquely determined up to scaling by nonzero elements
of R. This means that there exists exactly one polynomialṽ(T ) ∈ K[T ] of degree
strictly smaller thanδ with X − ṽ(u(X,Y )) vanishing on the whole varietyW
and that this polynomial is preciselỹv(T ) := 1

ρv(T ).
Proof of Lemma 6.– LetW := {γ1, . . . , γδ} with γi = (αi, βi) ∈ K̄2 for

1 ≤ i ≤ δ. By assumption the polynomialh(u(X,Y )) vanishes on the whole
varietyW andh(T ) is the polynomial inT of minimal degree having this prop-
erty. Sinceu(X,Y ) separates the points of the varietyW0 (and hence also the
points ofW ) and from the minimality of the degree ofh(T ), we concludeh(T ) =∏
1≤i≤δ

(T − u(γi)) anddeg h = degW = δ.

From the assumption that the linear formu(X,Y ) separates the points of the
varietyW and fromδ = degW one easily deduces the existence of a uniquely
determined polynomial̃v(T ) ∈ K[T ] of degree strictly less thanδ such thatX −
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ṽ(u(X,Y )) vanishes on the whole varietyW (this is the standard form of the
Shape–Lemma, see e.g. [43], [46] and [30]).

Fix for the moment an arbitrary index1 ≤ i ≤ δ. We show first the following
statement:
Claim: The greatest common divisor (gcd) of the polynomialsf(X) and
g(u(γi) − αX) of K̄[X] is the linear form X − ṽ(u(γi)) (in symbols:
X − ṽ(u(γi)) = gcd(f(X), g(u(γi)− αX))).

Proof of the ClaimSince the polynomialX− ṽ(u(X,Y )) vanishes on the variety
W , we deduce from(αi, βi) = γi ∈ W the identityαi − ṽ(u(γi)) = αi −
ṽ(u(αi, βi)) = 0. Moreover we havef(αi) = 0 and byu(γi) = ααi + βi also
g(u(γi)− ααi) = g(βi) = 0.

The identityαi = ṽ(u(γi)) implies now that̃v(u(γi)) is a common root of
f(X) andg(u(γi) − αX). Therefore the linear formX − ṽ(u(γi)) divides the
greatest common divisor of these polynomials. In order to finish the proof of the
Claim, it suffices to show that̃v(u(γi)) is the unique common root off(X) and
g(u(γi)− αX) (recall thatf(X) is by assumption square–free).

Let µ ∈ K̄ be any common root of these polynomials. Then, the pointγ̃ :=
(µ, u(γi)− αµ) belongs to the varietyW0, defined by the polynomialsf(X) and
g(Y ). Since by assumption the linear formu(X,Y ) = αX + Y separates the
points of the varietyW0 we deduce from the identityu(γ̃) = u(γi) that γ̃ = γi
holds. This finishes the proof of the Claim.

From the statement of the Claim we deduce immediately that inK̄[T ] the
identity

f(T ) =
∏

1≤i≤δ

(T − v(u(γi)))

=
∏

1≤i≤δ

gcd (f(T ), g(u(γi)− αT ))

holds.
This implies that the first principal subresultantP1(u) ∈ K[u] of the Sylvester

matrix of the polynomialsf(T ) andg(u − αT ) does not vanish on any root of
h(u) (here we treat the linear formu as an indeterminate). Therefore the residue
class ofP1(u) in K[u]/

(
h(u)

)
is a unit.

Taking into account that the varietyW is contained in the varietyW0 (de-
fined byf(X) andg(Y )), that the linear formu(X,Y ) separates the points of
W0 and that by definitionh(T ) is the minimal polynomial of the coordinate func-
tion of W induced by the linear formu, one easily sees that the varietyW is
definable by the equationsf(X) = 0, g(Y ) = 0, h(u(X,Y )) = 0. Let I :=
(f(X), g(Y ), h(u(X,Y ))) be the ideal generated by these polynomials inK[X,
Y ]. Since by assumptionf(X) andg(Y ) are square–free,I is radical and hence
the vanishing ideal of the varietyW .

Therefore the polynomialX − ṽ(u(X,Y )) belongs to the idealI = (f(X),
g(Y ), h(u(X,Y ))) (recall that this polynomial vanishes on the varietyW ). This
implies that there exist polynomialsr(X), s(X) of K[u]/

(
h(u)

)
[X] such that in
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this polynomial ring the identity

X − ṽ(u) = r(X)f(X) + s(X)g(u− αX) (8)

holds. Without loss of generality we may assume

degX r ≤ degX(g(u− αX))− 1 and degX s ≤ degX(f(X))− 1 (9)

Since the residue class ofP1(u) in K[u]/
(
h(u)

)
is a unit, the coefficients of

r(X) ands(X) are uniquely determined by the identities (8) and (9).
If we are able to find polynomialsr(X), s(X) ∈ K[u]/

(
h(u)

)
[X] satisfying

the identities (8) and (9) we easily obtainṽ(u) as the constant term of the polyno-
mial

r(X)f(X) + s(X)g(u− αX)

in K[u]/
(
h(u)

)
[X].

In order to compute the Bezout identity (8) subject to condition (9) we use the
algorithms of [59] or [16]. These algorithms return as output a multiplew(u) of
the Bezout identity (8), namely a representation

w(u)X − v̂(u) = r̃(X)f(X) + s̃(X)g(u− αX), (10)

with polynomials r̃, s̃ ∈ K[u]/
(
h(u)

)
[X] having degree at most

degX(g(u − αX)) − 1 and degX(f(X)) − 1 respectively andw(u), v̂(u) be-
longing toK[u]/

(
h(u)

)
. Without loss of generality we may assume thatw(u) and

v̂(u) are polynomials in the variableu (i.e. elements ofK[u]) which are reduced
moduloh(u). If gcd (w(u), h(u)) = 1 holds, we can invertw(u) moduloh(u)
in order to satisfy conditions (8) and (9) withw(u)ṽ(u) ≡ v̂(u) moduloh(u).
If gcd (w(u), h(u)) is a nonconstant polynomialw1(u) of K[u], we claim that
w1(T ) divides v̂(T ). Since the polynomialh(T ) is separable andw1(T ) divides
this polynomial, we conclude thatw1(T ) is separable too. Thus, ifw1(T ) does not
divide v̂(T ), there exists a rootτ of w1(T ) with v̂(τ) 6= 0. Sincew1(T ) divides
h(T ) =

∏
1≤i≤δ(T − u(γi)) there exists1 ≤ i ≤ δ such that the rootτ is of the

form u(γi). Thus, we havew(u(γi)) = 0 andv̂(u(γi)) 6= 0. Sinceu(γi) is a root
of h(T ) we may “specialize” in identity (10) the residue class ofu moduloh(u)
into the valueu(γi). Doing this we deduce from (10) that the polynomialsf(X)
and g (u(γi)− αX) are coprime, which contradicts the statement of the Claim
above. Thusw1(T ) = gcd(w(T ), h(T )) divides v̂(T ). This allows to compute
the polynomialṽ(u) of the identity (8) in an analogous way as before from the

polynomial
v̂(u)
w1(u)

.

The computation of the polynomial̃v(u) satisfying conditions (8) and (9)
above can be done byO(δ2 log δ log log δ) arithmetic operations inK[u]/

(
h(u)

)
using spaceO(δ). Performing these arithmetic operations by FFT–based algo-
rithms as in [5], we obtain a straight–line program̃β in K (containing divisions)
which computes the coefficients of the polynomialṽ(T ). Computing numerators
and denominators iñβ separately, we get an essentially division–free straight–line
programβ in R which computes a nonzero elementρ ∈ R and the coefficients of
a polynomialv(T ) ∈ R[T ] of the same degree as̃v(T ) such that1ρv(T ) = ṽ(T )



36 J. Heintz et al.

holds. It is now clear thatρX− v(u(X,Y )) vanishes on the whole varietyW , and
thatβ has essentially the same space and time complexity asβ̃. Thusβ satisfies
the requirements of Lemma 6.ut

4.3 Lifting of a zero–dimensional fiber

In this subsection we shall develop an algorithm which, given a geometric solution
of the lifting fiberVP (r) as input, computes a geometric solution of the algebraic
varietyVr as output. For this purpose we shall follow the strategy of [42], in com-
bination with our tools developed in Subsections 4.1 and 4.2.

In the sequel we shall use the following notations and conventions: let be
given the linear formU (r) := λ

(r)
n−r+1Yn−r+1 + · · · + λ

(r)
n Yn which induces

a primitive element ofVP (r) (and hence of the integral Q–algebra extension
Q [Y1, . . . , Yn−r] ↪→ Q [Vr]) and let be given the coefficients of the polynomi-

alsq(P (r)), v
(P (r))
n−r+1, . . . , v

(P (r))
n ∈ Q [T ] introduced in Subsection 4.1 for the rep-

resentation of a geometric solution of the lifting fiberVP (r) . Following [42], we
define for1 ≤ j ≤ r linear formZ

(r)
j := U (r) − λ

(r)
n−r+jYn−r+j and denote

by q̃(r)
j ∈ Q [Y1, . . . , Yn−r][T ] the minimal polynomial of the coordinate func-

tion of Vr induced byZj . Furthermore, let us denote byq(r) andq(r)
1 , . . . , q

(r)
r ∈

Q[Y1, . . . , Yn−r][T ] the minimal polynomials of the coordinate functions ofVr in-
duced by the linear formsU (r) andYn−r+1, . . . , Yn. With the notations of Lemma
6 above, letR := Q [Y1, . . . , Yn−r], K := Q (Y1, . . . , Yn−r) and letK̄ be an
algebraic closure ofK. In the proof of Theorem 6 below we are going to apply for
each1 ≤ j ≤ r the algorithm underlying the statement of Lemma 6 to the zero–
dimensional algebraic varietyW (r)

j := {(y, z) ∈ K̄2 : q(r)
j (y) = 0, q̃(r)

j (z) = 0}.
Under the assumption that the coefficient vector of the linear formU (r) sat-

isfies a certain genericity condition, it was shown in [42, Proposition 29] that a
Shape–Lemma–like representation of each algebraic varietyW

(r)
1 , . . . ,W

(r)
r pro-

duces “parametrizing” polynomials ρ(r)
n−r+1Yn−r+1 − v

(r)
n−r+1(T ), . . . ,

ρ
(r)
n Yn − v(r)

n (T ) of Q [Y1, . . . , Yn−r][T ] required for a geometric solution of the
varietyVr (here we use the coordinate function ofVr induced by the linear form
U (r) as a primitive element with minimal polynomialq(r)(T )).

Therefore, the problem of computing a geometric solution ofVr is reduced
to the following two tasks: the lifting of a projection (in the sense of Subsection
4.1) and the computation of a Shape–Lemma–like representation (in the sense of
Subsection 4.2). These two tasks are solved in Theorem 5 and in Lemma 6. The
next result will illustrate this idea.

Theorem 6 Let notations and assumptions be as before. In particular, let be given
a linear formU (r) ∈ Q [Yn−r+1, . . . , Yn] inducing a primitive element of the
lifting fiber VP (r) . Then there exists a straight–line program inQ [Y1, . . . , Yn−r],
computing from (the coefficients of) a given geometric solution of the lifting fiber
VP (r) and the given linear formU (r) the coefficients of a geometric solution of
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the algebraic varietyVr. This straight–line program uses spaceO(Srδ2
r) and time

O
(
(T r2 + r5)δ3

r log3 δr log2 log δr
)
.

Proof Assume that there is given as before a geometric solution of the lifting fiber
VP (r) . Applying Theorem 5 we are then able to compute the coefficients of the
minimal integral dependence relationsq(r)(T ), q(r)

1 (T ), . . . , q(r)
r (T ), q̃(r)

1 (T ), . . . ,
q̃

(r)
r (T ) of the coordinate functions ofVr induced by the linear formsU (r), Yn−r+1

, . . . , Yn andZ(r)
1 , . . . , Z

(r)
r . Then, for1 ≤ j ≤ r, we apply Lemma 6 to the

zero–dimensional varietyW (r)
j and the polynomialsq(r), q(r)

j and q̃(r)
j in order

to compute the coefficients of a polynomial having the formρ(r)
n−r+jYn−r+j −

v
(r)
n−r+j(T ) ∈ Q [Y1, . . . , Yn−r][T ] with ρ(r)

n−r+j 6= 0 anddegT v
(r)
n−r+j(T ) < δr,

such thatU (r), q(r)(T ) andρ(r)
n−r+1Yn−r+1 − v(r)

n−r+1(T ), . . . , ρ(r)
n Yn − v(r)

n (T )
form a geometric solution of the varietyVr.

From the complexity estimates of Theorem 5 and Lemma 6 we deduce now
easily the complexity statement of Theorem 6.ut

Theorem 6 has its own interest. Unfortunately, in the sequel we shall not be
able to apply Theorem 6 directly since we have no control over the coefficients
ρ

(r)
n−r+1, . . . , ρ

(r)
n produced by the application of Lemma 6 in the proof of Theorem

6. Therefore, we shall only apply Lemma 6 and not Theorem 6 in the future.

4.4 Minimal equations: stepping downwards on the lifting fibers

In Subsection 4.1 we have already met the task of computing a minimal integral
dependence relation in Q[Y1, . . . , Yn−r][T ] for the coordinate function ofVr in-
duced by a given polynomialF ∈ Q [Y1, . . . , Yn]. In the present subsection we
describe an efficient algorithm for the following task:

Let 1 ≤ r < n. Given a geometric solution of the lifting fiberVP (r) of Vr, com-
pute the coefficients of the minimal equation inQ[T ] of the coordinate function of
the lifting fiberVP (r+1) induced by the linear formYn−r.

Below we present two lemmas deducing finally from them Proposition 1 which
says that, under the assumptions of Theorem 3, the coefficients of the minimal
equationmYn−r ∈ Q [T ] of the coordinate function ofVP (r+1) induced by the
linear formYn−r can be computed by a straight–line program in spaceO(Srdδ2

r)
and timeO

(
(T dr + r4)dδ3

r log3 δr log2 log δr).
Applying the Zippel–Schwartz test in the same way as in Section 3, we deduce

from Theorem 3, that by a random choice of the coefficientsλ
(r)
n−r+1, . . . , λ

(r)
n , the

linear formU (r) = λ
(r)
n−r+1Yn−r+1 + · · ·+ λ

(r)
n Yn happens to separate the points

of theπr–fiber of theπr–image of each point of the lifting fiberVP (r+1) . Assume
from now on that the linear formU (r) has this property.

Let us consider again the curve

WP (r+1) := Vr ∩ {Y1 = p1, . . . , Yn−r−1 = pn−r−1}
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introduced in Remark 2 and observe thatWP (r+1) is defined by the polynomials
F1(Y1, . . . , Yn), . . . , Fr(Y1, . . . , Yn), Y1 − p(r+1)

1 , . . . , Yn−r−1 − p(r+1)
n−r−1 which

form a regular sequence in Q[Y1, . . . , Yn].
The variablesY1, . . . , Yn are in Noether position with respect to this complete

intersection curve, the variableYn−r being free. Therefore the canonical homo-
morphism Q[Yn−r] ↪→ Q [WP (r+1) ] represents an integral Q–algebra extension.
Moreover Q[WP (r+1) ] is a free Q[Yn−r]–module of rankδr.

Let us denote byu(r) andyn−r the coordinate functions of the curveWP (r+1)

induced by the linear formsU (r) andYn−r. Let us fix for the moment anarbitrary
pointP = (p1, . . . , pn−r−1, αn−r, . . . , αn) ∈ Cn of the (nonempty) lifting fiber
π−1
r+1(P (r+1)) = VP (r+1) . Let us consider the fiber

π−1
r (πr(P ))) = π−1

r

(
(p1, . . . , pn−r−1, αn−r)

)
= Vr ∩ {Y1 = p1, . . . , Yn−r−1 = pn−r−1, Yn−r = αn−r}

which is defined by the polynomialsF1(Y1, . . . , Yn), . . . , Fr(Y1, . . . , Yn),
Y1 − p1, . . . , Yn−r−1 − pn−r−1, Yn−r − αn−r of C[Y1, . . . , Yn].

From Theorem 3iv) we deduce that the Jacobian of these polynomials van-
ishes nowhere onπ−1

r (πr(P )). This implies that the canonical C–algebra homo-
morphism

C[Y1, . . . , Yn−r](Y1−p1,...,Yn−r−1−pn−r−1,Yn−r−αn−r)

↓
C[Y1, . . . , Yn−r](Y1−p1,...,Yn−r−1−pn−r−1,Yn−r−αn−r)[Yn−r+1, . . . , Yn]/

(F1, . . . , Fr)
(11)

is unramified and hencéetale (recall that C[Y1, . . . , Yn]/(F1, . . . , Fr) is a free
C[Y1, . . . , Yn−r]–module of rankδr). Therefore we conclude that#π−1

r (πr(P )) =
δr holds.

Observe that the setπ−1
r (πr(P )) is contained in the curveWP (r+1) , and that

π−1
r (πr(P )) is the fiber of the finite morphismyn−r : WP (r+1) → C1 in the

pointαn−r ∈ C (in symbols:π−1
r (πr(P )) = y−1

n−r(αn−r)). Recall that, by con-
struction, the linear formU (r) separates theδr points of the fibery−1

n−r(αn−r) =
π−1
r (πr(P )) and that Q[WP (r+1) ] is a free Q[Yn−r]–module of rankδr. This im-

plies thatu(r) is a primitive element of the integral Q–algebra extension Q[Yn−r]→
Q [WP (r+1) ].

Let, as in Subsection 4.3, the polynomialq(r) ∈ Q [Y1, . . . , Yn−r][T ] repre-
sent the minimal integral dependence relation of the coordinate function ofVr
induced by the linear formU (r) and let us denote byρ(r) ∈ Q [Y1, . . . , Yn−r] the
discriminant ofq(r)(T ) with respect to the variableT . Letq(r,P (r+1))(Yn−r, T ) :=
q(r)(p1, . . . , pn−r−1, Yn−r, T ). Then the polynomialq(r,P (r+1)) belongs to
Q [Yn−r][T ] and represents the minimal integral dependence relation of the prim-
itive elementu(r) ∈ Q [WP (r+1) ] over Q [Yn−r]. Observedeg q(r,P (r+1)) =
degT q(r,P (r+1)) = δr.
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Observe furthermore that the coordinate functionsyn−r, u
(r) ∈ Q [WP (r+1) ]

define a morphism of algebraic varieties which mapsWP (r+1) onto the plane curve
defined by the polynomialq(r,P (r+1))(Yn−r, T ). This morphism is finite and has a
rational inverse which may be given by a geometric solution of the curveWP (r+1) ,
with the free variableYn−r and primitive element induced by the linear formU (r).
In the proofs of the next two lemmas we shall make apurely mathematicaluse of
a particular geometric solution ofWP (r+1) , which we shallnotcompute.

Observe first thatρ(r,P (r+1))(Yn−r) := ρ(r)(p1, . . . , pn−r−1, Yn−r) ∈ Q[Yn−r]
is the discriminant of the polynomialq(r,P (r+1))(Yn−r, T ) with respect to the

variableT . Let us now consider (but not compute) polynomialsv(r,P (r+1))
n−r+1 , . . . ,

v
(r,P (r+1))
n ∈ Q [Yn−r, T ] which are uniquely determined by the condition(
F1(p(r+1)

1 , . . . , p
(r+1)
n−r−1, Yn−r, . . . , Yn), . . . ,

Fr(p1, . . . , pn−r−1, Yn−r, . . . , Yn)
)
ρ(r,P (r+1))(Yn−r)

=

=
(
q(r,P (r+1))(Yn−r, U (r)), ρ(r,P (r+1))(Yn−r)Yn−r+1 − v(r,P (r+1))

n−r+1 (U (r)),

. . . , ρ(r,P (r+1))(Yn−r)Yn − v(r,P (r+1))
n (U (r))

)
ρ(r,P (r+1))(Yn−r)

(12)

Thus, the linear formU (r) and the polynomialsρ(r,P (r+1)) ∈ Q [Yn−r] and

q(r,P (r+1))(T ), v(r,P (r+1))
n−r+1 (T ), . . . , v(r,P (r+1))

n (T ) ∈ Q [Yn−r][T ] represent apar-
ticular geometric solution of the curveWP (r+1) in the sense of the Introduction.
This geometric solution induces in the most obvious way a “reduction” isomor-
phism which maps the “rational function Q(Yn−r)–algebra” Q(Yn−r)⊗Q[Yn−r]

Q [WP (r+1) ] of WP (r+1) onto the “rational function Q (Yn−r)–algebra”
Q(Yn−r)[T ]/

(
q(r,P (r+1))(Yn−r, T )

)
of the curve{q(r,P (r+1))(Yn−r, T ) = 0} con-

tained in C2. This isomorphism leaves the field Q(Yn−r) fixed.
We are now going to analyze this isomorphism more closely. For any polyno-

mial F ∈ Q [Y1, . . . , Yn] inducing a coordinate functionϕ of Q [WP (r+1) ] let us
write

F̂ := F

(
p1, . . . , pn−r−1, Yn−r,

v
(r,P (r+1))
n−r−1 (Yn−r,T )

ρ(r,P (r+1))(Yn−r)
,

. . . ,
v(r,P (r+1))
n (Yn−r,T )

ρ(r,P (r+1))(Yn−r)

)
∈ Q [Yn−r]ρ(r,P (r+1))(Yn−r)

[T ]

and let us writêϕ for the residue class of̂F in

Q [Yn−r]ρ(r,P (r+1))(Yn−r)
[T ]/

(
q(r,P (r+1))(Yn−r, T )

)
.

Observe that̂F (yn−r, u(r)) andϕ̂ define rational functions of the curvesWP (r+1)

and{q(r,P (r+1))(Yn−r, T ) = 0} respectively.
In the sequel we shall denote byϕr+1 the coordinate function of Q[WP (r+1) ]

induced by the polynomialFr+1 ∈ Q [Y1, . . . , Yn] and we shall writefr+1(Yn−r,
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T ) := F̂r+1(Yn−r, T ). Thusfr+1(yn−r, u(r+1)) andϕ̂r+1 define rational func-
tions of the curvesWP (r+1) and{q(r,P (r+1))(Yn−r, T ) = 0} respectively.

Let us observe

VP (r+1) = Vr+1 ∩ {Y1 = p1, . . . , Yn−r−1 = pn−r−1}

= Vr ∩ {Fr+1(Y1, . . . , Yn) = 0, Y1 = p1, . . . , Yn−r−1 = pn−r−1}

= WP (r+1) ∩ {Fr+1(Y1, . . . , Yn) = 0} .

In particularVP (r+1) is a zero–dimensional variety contained in the curveWP (r+1)

and the polynomialsρ(r)(Y1, . . . , Yn) andρ(r,P (r+1))(Yn−r) induce the same co-
ordinate function ofVP (r+1) .

We are going to show that this coordinate function is a unit of Q[VP (r+1) ]
(this implies then that the rational functionfr+1(yn−r, u(r)) is well defined in
all points of VP (r+1)). Assume on the contrary that there exists a pointP =
(p1, . . . , pn−r−1, αn−r, . . . , αn) ∈ VP (r+1) such thatρ(r)(p1, . . . , pn−r−1, αn−r)
= ρ(r,P (r+1))(αn−r) = 0 holds. Sinceρ(r) is the discriminant of the polyno-
mial q(r) ∈ Q [Y1, . . . , Yn−r][T ] with respect to the variableT , we deduce that
q(r)(p1, . . . , pn−r−1, αn−r, T ) = q(r,P (r))(αn−r, T ) has a multiple root.

From (11) we deduce#π−1
r

(
(p1, . . . , pn−r−1, αn−r)

)
= #π−1

r (πr(P )) =
δr. Moreover, by construction, the linear formU (r) separates theδr points of
π−1
r (πr(P )). Let π−1

r (πr(P )) = {γ1, . . . , γδr}. Then we have#{U (r)(γ1), . . . ,
U (r)(γδr )} = δr and since the pointP = (p1, . . . , pn−r−1, αn−r, . . . , αn) be-
longs toVP (r+1) ⊂ Vr and sinceq(r)(Y1, . . . , Yn−r, U

(r)) vanishes onVr we con-
clude that

q(r)
(
p1, . . . , pn−r−1, αn−r, U

(r)(γj)
)

= q(r,P (r))(αn−r, U (r)(γj)) = 0

holds for any1 ≤ j ≤ δr. Moreover we havedeg q(r,P (r+1))(αn−r, T ) = δr.
Putting all this together, we see thatq(r,P (r+1))(αn−r, T ) is a separable polynomial
of C[T ]. This contradicts the conclusion thatq(r,P (r+1))(αn−r, T ) has a multiple
root. Therefore the polynomialρ(r,P (r+1))(Yn−r) induces a unit of Q[VP (r+1) ] and
the rational functionfr+1(yn−r, u(r)) is well defined (and finite) in all points of
VP (r+1) .

With these definitions, notions and notations we are now ready to expose the
procedure which computes the minimal polynomialmYn−r ∈ Q [Yn−r] of the
coordinate function ofVP (r+1) induced by the variableYn−r. We show in Lemma
7 below that the polynomial

g(Yn−r) := ResT

(
q(r,P (r+1))(Yn−r, T ), (ρ(r,P (r+1)))N (Yn−r)fr+1(Yn−r, T )

)
vanishes on all roots of the minimal polynomialmYn−r (Yn−r) (hereN denotes a
suitable positive integer, not exceedingdδr, which satisfies the condition
(ρ(r,P (r)))Nfr+1(Yn−r, T ) ∈ Q [Yn−r, T ]). Perhaps the polynomialg(Yn−r)
vanishes also on certain roots ofρ(r,P (r+1)))(Yn−r) and might have high degree.
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The exact relationship between the polynomialsg(Yn−r) andmYn−r (Yn−r) is
clarified in Lemma 8 below. This lemma says that the square–free representation
a(Yn−r) ∈ Q [Yn−r] of the roots ofg(Yn−r) satisfies the condition

mYn−r (Yn−r) =
a(Yn−r)

gcd
(
ρ(r,P (r+1))(Yn−r), a(Yn−r)

) .
Lemma 7 LetmYn−r ∈ Q [Yn−r] be the minimal equation satisfied by the coor-
dinate function ofVP (r+1) induced by the variableYn−r and letg ∈ Q [Yn−r] be
defined as

g(Yn−r) := ResT

(
q(r,P (r+1))(Yn−r, T ), (ρ(r,P (r+1)))N (Yn−r)fr+1(Yn−r, T )

)
whereN is a positive integer, not exceedingdδr, such that(ρ(r,P (r+1)))N (Yn−r)
fr+1(Yn−r, T ) belongs to the polynomial ringQ[Yn−r, T ]. Then the polynomialg
vanishes on all roots of the polynomialmYn−r . Moreover the polynomialsmYn−r

and ρ(r,P (r+1)) are coprime and the roots of the polynomialg whereρ(r,P (r+1))

does not vanish are also roots of the polynomialmYn−r .

Proof Letα ∈ Cbe a root ofg with ρ(r,P (r+1))(α) 6= 0. Thenfr+1(α, T ) is a well
defined polynomial of C[T ] and there exists a complex numberuα satisfying the
conditionsq(r,P (r+1))(α, uα) = 0 andfr+1(α, uα) = 0.

For1 ≤ j ≤ r let αn−r+j :=
v

(r,P (r+1))
n−r+j (α,uα)

ρ(r,P (r+1))(α)
. We claim that the point(

P (r+1), α, αn−r+1, . . . , αn
)

=
(
p1, . . . , pn−r−1, α, αn−r+1, . . . , αn

)
belongs to the lifting fiberVP (r+1) .

Specializing in the right hand side of the identity (12) the “variables”U (r),
Yn−r, Yn−r−1, . . . , Yn into the values uα, α, αn−r+1, . . . , αn and observing
ρ(r,P (r+1))(α) 6= 0 we deduce thatFj(P (r+1), α, αn−r+1, . . . , αn) = 0 holds
for every 1 ≤ j ≤ r (here we use the fact that the affine curvesWP (r+1) ∩{
ρ(r,P (r+1))(Yn−r) 6= 0

}
and

{
q(r,P (r+1))(Yn−r) = 0, ρ(r,P (r+1))(Yn−r) 6= 0

}
are isomorphic, while the corresponding isomorphism is ideal–theoretically ex-
pressed by the identity (12)).

Therefore the point(P (r+1), α, αn−r+1, . . . , αn) belongs to the curveWP (r+1) .
From the definition offr+1, namelyfr+1(Yn−r, T ) = F̂r+1(Yn−r, T ) =

= F

P (r+1), Yn−r,
v

(r,P (r+1))
n−r−1 (Yn−r, T )
ρ(r,P (r+1))(Yn−r)

, . . . ,
v

(r,P (r+1))
n (Yn−r, T )
ρ(r,P (r+1))(Yn−r)


we deduce0 = fr+1(α, uα) = Fr+1(P (r+1), α, αn−r+1, . . . , αn) and this fi-
nally implies that the point(P (r+1), α, αn−r+1, . . . , αn) belongs to the variety
VP (r+1) = WP (r+1) ∩ {Fr+1(Y1, . . . , Yn) = 0}.

From(P (r+1), α, αn−r+1, . . . , αn) ∈ VP (r+1) we deduce thatmYn−r (α) = 0
holds. Thus any root of the polynomialg, whereρ(r,P (r+1)) does not vanish, is a
root ofmYn−r .
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Let nowα ∈ C be a root ofmYn−r with ρ(r,P (r+1))(α) 6= 0. Then there exist
complex numbersαn−r+1, . . . , αn such that the point(P (r+1), α, αn−r+1, . . . ,
αn) belongs to the lifting fiberVP (r+1) . Consideruα := U (r)(αn−r+1, . . . , αn) =
λ

(r)
n−r1αn−r+1 + · · ·+λ

(r)
n αn. Using again identity (12) and observing that by hy-

pothesisρ(r,P (r+1))(α) 6= 0 we conclude thatq(r,P (r+1))(α, uα) = 0 and

αn−r+j =
v

(r,P (r+1))
j (α, uα)

ρ(r,P (r+1))(α)
holds for any1 ≤ j ≤ r. In the same manner

as before, we deduce from the definition offr+1 thatfr+1(α, uα) is well defined
and thatfr+1(α, uα) = Fr+1(P (r+1), α, αn−r+1, . . . , αn) = 0 holds (recall that
(P (r+1), α, αn−r+1, . . . , αn) belongs toVP (r+1)). Thusuα is a common root of
q(r,P (r+1))(α, T ) andρ(r,P (r+1))(α)Nfr+1(α, T ). This impliesg(α) = 0. There-
fore any root ofmYn−r whereρ(r,P (r+1)) does not vanish is a root of the polyno-
mial g.

Finally recall that we have shown that the coordinate function of Q[VP (r+1) ]
induced by the polynomialρ(r,P (r+1))(Yn−r) is a unit of Q [VP (r+1) ]. Thus the
polynomial ρ(r,P (r+1))(Yn−r) vanishes nowhere on the lifting fiberVP (r+1) . In
particular there is no root ofmYn−r whereρ(r,P (r+1)) vanishes. This implies that

mYn−r andρ(r,P (r+1)) are coprime and thereforeg vanishes onall roots ofmYn−r .
ut

For the statement of the next Lemma we need the following considerations: we
have seen before that the “rational function Q(Yn−r)–algebras” Q(Yn−r)⊗Q[Yn−r]

Q[WP (r+1) ] and Q(Yn−r)[T ]/
(
q(r,P (r+1))(Yn−r, T )

)
are isomorphic. The canon-

ical isomorphism of these algebras maps1 ⊗ ϕr+1 to ϕ̂r+1, whereϕr+1 is the
coordinate function ofWP (r+1) induced by the polynomialFr+1(Y1, . . . , Yn) and
ϕ̂r+1 is the residue class offr+1 in Q (Yn−r)[T ]/

(
q(r,P (r+1))(Yn−r, T )

)
.

The homothesiesηFr+1 andηfr+1 defined by multiplication byϕr+1 andϕ̂r+1

in the Q [Yn−r]–algebra Q[WP (r+1) ] and the Q(Yn−r)–algebra Q(Yn−r)[T ]/(
q(r,P (r+1))(Yn−r, T )

)
have the same characteristic and minimal polynomials. We

denote the minimal polynomial ofηfr+1 bymfr+1 . The coefficients of the minimal
polynomialmfr+1 belong to Q[Yn−r] and thetotal degree ofmfr+1 is bounded by
dδr (see [55]). Let us denote bya(Yn−r) ∈ Q[Yn−r] the square–free representation
of the roots of the constant term ofmfr+1 (with respect to the main variable) and
observe thatdeg a(Yn−r) ≤ dδr holds. Then we have the following result:

Lemma 8 With the notations and assumptions introduced before, we have the
identity:

mYn−r =
a(Yn−r)

gcd
(
ρ(r,P (r+1))(Yn−r), a(Yn−r)

) .
Proof Let g(Yn−r) ∈ Q [Yn−r] be the polynomial of Lemma 7 and letã(Yn−r) ∈
Q [Yn−r]be the square–free representation of the roots ofg(Yn−r). By Lemma 7,
the roots ofg and ofmYn−r which are not roots ofρ(r,P (r+1)) coincide. Thus the

polynomialsã andmYn−r vanish on the same non–roots ofρ(r,P (r+1)).
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On the other hand the polynomialsmYn−r andρ(r,P (r+1)) are coprime. Since
mYn−r is square–free we have therefore the identity

mYn−r (Yn−r) =
ã(Yn−r)

gcd
(
ρ(r,P (r+1))(Yn−r), ã(Yn−r)

) .
From the definition of the polynomialg we deduce that in Q(Yn−r)[T ] the

identity

g(Yn−r) = ρ(r,P (r+1))(Yn−r)NδrResT
(
q(r,P (r+1))(Yn−r, T ), fr+1(Yn−r, T )

)
holds.

Applying in the same way as in [31] Stickelberger’s Theorem, we see that
g(Yn−r)

ρ(r,P (r+1))(Yn−r)Nδr
= ResT

(
q(r,P (r+1))(Yn−r, T ), fr+1(Yn−r, T )

)
is in fact

the constant term of the characteristic polynomial of the homothesyηfr+1 . Since
the homothesiesηfr+1 andηϕr+1 have the same characteristic polynomial we de-

duce that g(Yn−r)

ρ(r,P (r+1))(Yn−r)Nδr
is a polynomial of Q[Yn−r]. Since the constant

terms of the characteristic and of the minimal polynomial ofηfr+1 (and ofηϕr+1)
have the same roots, we conclude that the polynomiala(Yn−r) ∈ Q [Yn−r] is
the square–free representation of the roots of both of them. Taking into account
that the polynomial g(Yn−r)

ρ(r,P (r+1))(Yn−r)Nδr
is the constant term of the characteristic

polynomial of the homothesyηfr+1 we deduce that the identity

a(Yn−r)
gcd

(
ρ(r,P (r+1))(Yn−r), a(Yn−r)

) =
ã(Yn−r)

gcd
(
ρ(r,P (r+1))(Yn−r), ã(Yn−r)

)
= mYn−r (Yn−r)

holds. This implies the statement of the lemma.ut

We now exhibit an efficient procedure for the computation of the minimal poly-
nomialmYn−r .

Proposition 1 Let notations and assumptions be as before. Suppose that there is
given a geometric solution of the lifting fiberVP (r) . Then it is possible to com-
pute in spaceO(Srδ2

r) and timeO
(
(T dr2 + r5)dδ3

r log3 δr log3 log2 δr) the co-
efficients of the minimal polynomialmYn−r of the coordinate function ofVP (r+1)

induced by the variableYn−r.

Proof First of all, we observe that the discriminantρ(r,P (r+1))(Yn−r) of the poly-
nomial q(r,P (r+1))(Yn−r, T ) ∈ Q [Yn−r][T ] with respect to the variableT is a
nonzero polynomial of Q[Yn−r] of degree at mostδ2

r . Let κ be a fixed natural
number. Applying the Zippel–Schwartz test in the same way we did in the proof of
Theorem 3, we may choose an elementη of the set{1, . . . , 2κδ2} such that with
probability of success at least1− 1

2κ , the conditionρ(r,P (r+1))(η) 6= 0 is satisfied.
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It is clear thatη is a lifting point of the curveWP (r+1) and that the zero–
dimensional varietyV (r+1)

Yn−r,η
:= WP (r+1) ∩ {Yn−r = η} is the lifting fiber of the

lifting point η.
We have seen before that the coordinate functionu(r) of the curveWP (r+1) ,

induced by the linear formU (r), is a primitive element of the integral Q–algebra
extension Q[Yn−r] ↪→ Q [WP (r+1) ]. Sinceq(r,P (r+1))(Yn−r, T ) is the minimal
integral dependence relation satisfied byu(r) over Q [Yn−r] and since
ρ(r,P (r+1))(Yn−r) is the discriminant ofq(r,P (r+1)) we deduce fromρ(r,P (r+1))(η) 6=
0 that the coordinate function of the zero–dimensional varietyV

(r+1)
Yn−r,η

, induced by

the linear formU (r), is also a primitive element of Q[V (r+1)
Yn−r,η

].

Observe thatV (r+1)
Yn−r,η

= WP (r+1) ∩ {Yn−r = η} is isomorphic to the zero–

dimensional subvariety{F1(P (r+1), η, Yn−r+1, . . . , Yn) = 0, . . . , Fr(P (r+1), η,

Yn−r+1, . . . , Yn) = 0} of Cn−r. Observe also thatq(r,P (r+1))(η, Yn−r) is the min-
imal polynomial equation ofV (r+1)

Yn−r,η
induced by the linear formU (r). Applying

Theorem 5 to the linear formsU (r), Yn−r+1, . . . , Yn, Z
(r)
1 , . . . , Z

(r)
r introduced in

Subsections 4.3 and 4.4 we compute, as in the proof of Theorem 6, the coefficients
of the minimal integral dependence relationsq(r)(T ), q(r)

1 (T ), . . . , q(r)
r (T ), q̃(r)

1 (T ),
. . . , q̃

(r)
r (T ) of the coordinate functions ofVr induced by these linear forms. These

polynomials belong to Q[Y1, . . . , Yn−r][T ]. We specialize now in all these poly-
nomials the variablesY1, . . . , Yn−r into the valuesp1, . . . , pn−r−1, η. In this way
we obtain the polynomial

q(r)
(
p1, . . . , pn−r−1, η, T

)
= q(r)(P (r+1), η, T ) = q(r,P (r+1))(η, T )

and certain polynomials

q
(r,P (r+1))
1 (T ) := q

(r)
1 (p1, . . . , pn−r−1, η, T )

...

q
(r,P (r+1))
r (T ) := q

(r)
r (p1, . . . , pn−r−1, η, T )

q̃
(r,P (r+1))
1 (T ) := q̃

(r)
1 (p1, . . . , pn−r−1, η, T )

...

q̃
(r,P (r+1))
r (T ) := q̃

(r)
1 (pr, . . . , pn−r−1, η, T ).

All these polynomials belong to Q[T ] and the polynomialsq(r,P (r+1))
1 , . . . ,

q
(r,P (r+1))
r and q̃(r,P (r+1))

1 , . . . , q̃
(r,P (r+1))
r represent nontrivial equations satisfied

by the coordinate functions ofV (r+1)
Yn−r,η

induced by the linear formsYn−r+1, . . . , Yn

andZ(r)
1 , . . . . . . , Z

(r)
r .

We have already shown that the coordinate function ofV
(r+1)
Yn−r,η

induced by

the linear formU (r) is a primitive element of Q[V (r+1)
Yn−r,η

] (thusU (r) separates

the elements ofV (r+1)
Yn−r,η

) and thatq(r,P (r+1))(T ) is the minimal polynomial of this
coordinate function.
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As in the proof of Theorem 6 we apply now Lemma 6 to these data, obtaining
thus a geometric solution of the zero–dimensional varietyV

(r+1)
Yn−r,η

. All this can be

done in spaceO(Srδ2
r) and timeO

(
(Tr2 + r5)δ3

r log2 δr log2 log δr
)
.

Since we have at our disposal a geometric solution of the zero–dimensional
varietyV (r+1)

Yn−r,η
, we are now able to apply Theorem 5 to the lifting fiberV

(r+1)
Yn−r,η

of the curveWP (r+1) and to the polynomialFr+1. In this way we compute the
coefficients of the minimal integral dependence relation satisfied over Q[Yn−r]
by the coordinate functionϕr+1 of WP (r+1) , which is induced by the polyno-
mial Fr+1. This can be done in additional spaceO(Sdδ2

r) and in additional time
O
(
(Tdr + r4)dδ3

r log3 δr log2 log δr
)
.

The minimal integral dependence relation over Q[Yn−r] satisfied byϕr+1

is also the minimal polynomial over the field Q(Yn−r) of the homothesyηϕr+1

of the rational functionfr+1 ∈ Q (Yn−r)[T ]/
(
q(r,P (r+1))(Yn−r, T )

)
and of the

homothesyηfr+1 . We denote this minimal polynomial bymfr+1(T ). Observe that
the polynomialmfr+1 belongs to Q[Yn−r, T ] and from Remark 1 we deduce that
our algorithm computes in fact thedenserepresentation ofmfr+1 . Moreover, we
havedegmfr+1 ≤ dδr (see [55]).

Therefore, the constant termb(Yn−r) of the minimal polynomialmfr+1 is a
polynomial of Q[Yn−r] of degree at mostdδr given in dense representation. Ap-
plying e.g. the main procedure of [39], we obtain the square–free representation
a(Yn−r) of the roots of the polynomialb(Yn−r) in additional spaceO(dδr) and
timeO

(
dδr log(dδr) log log(dδr)

)
.

Now we compute from the already determined coefficients of the polynomial
q(r,P (r+1))(T ) ∈ Q [Yn−r][T ] its discriminantρ(r,P (r+1)) with respect to the vari-
able T . This can be done by [59] in additional spaceO(dδr) and time

O
(

(dδr)2 log δr log log δr
)

. By means of the procedure introduced at the begin-

ning of the proof of Lemma 2 we compute the dense representation of the re-
mainderc(Yn−r) of the division ofρ(r,P (r+1))(Yn−r) by the polynomiala(Yn−r),
which itself is given in its dense representation. This can be done using additional
spaceO(dδ2

r) and timeO
(
dδ3
r log2 δr log2 log δr

)
.

Using the identitygcd
(
ρ(r,P (r+1))(Yn−r), a(Yn−r)

)
= gcd

(
c(Yn−r), a(Yn−r)

)
we compute the dense representation of the polynomialgcd

(
ρ(r,P (r+1))(Yn−r),

a(Yn−r)
)

in additional spaceO(dδr) and timeO
(
dδr log2 δr log log δr

)
(see [39]).

Finally we divide the polynomiala(Yn−r) by gcd
(
ρ(r,P (r+1))(Yn−r), a(Yn−r)

)
obtaining in this way the dense representation of the polynomialmYn−r (see
Lemma 8). Using the algorithm of Sieveking–Kung, this can be done in additional
spaceO(dδr) and timeO(dδr log2 δr log log δr). Adding up the complexities of
every step in this algorithm we obtain the complexity estimate of Proposition 1.
ut
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5 The main algorithm

In this section we collect the algorithmic tools developed before and describe the
main algorithm of this paper, concluding thus the proof of Theorem 1.

In the introduction of this paper we announced this algorithm as a recursive
procedure which produces inn−1 steps a geometric solution of the zero–dimensio-
nal varietyVn defined by the given polynomialsF1, . . . , Fn ∈ Q [X1, . . . , Xn].

From now on we shall use freely all notations and assumptions introduced in
the previous sections, and in particular those of Subsections 4.3 and 4.4.

Recall that we have already chosen linear formsY1, . . . , Yn ∈ ZZ[X1, . . . , Xn]
and a pointP = (p1, . . . , pn) ∈ ZZn such that for1 ≤ r ≤ n−1 the conditions (i),
(ii ) and (iii ) of Theorem 3 are satisfied. In particular, the linear formsY1, . . . , Yn
represent a simultaneous Noether normalization of the varietiesV1, . . . , Vn and
for 1 ≤ r ≤ n − 1 the finite surjective morphismπr : Vr → Cn−r induced by
the linear formsY1, . . . , Yn−r is unramified in the pointP (r) = (p1, . . . , pn−r).
In other words,P (r) is a lifting point of the varietyVr with lifting fiber VP (r) :=
π−1
r (P (r)).

For the presentation of our main algorithm we shall focus our attention on its
recursive character. Let us fix1 ≤ r ≤ n− 1. In the next subsection we are going
to describe ther–th step of our main algorithm. This step starts with a (previously
computed) geometric solution of the lifting fiberVP (r) and produces a geometric
solution of the next lifting fiberVP (r+1) .

5.1 The recursion

As before, let1 ≤ r ≤ n− 1 be fixed. We suppose that there is given a geometric
solution of the lifting fiberVP (r) . This geometric solution is represented by the
(rational) coefficients of the univariate polynomials occurring in it. Our goal is to
compute the coefficients of a geometric solution of the lifting fiberVP (r+1) .

For this purpose we consider again the curve

WP (r+1) = Vr ∩ {Y1 = p1, . . . , Yn−r−1 = pn−r−1}.

Recall that lifting any projection from a zero–dimensional variety to this curve
produces a bivariate polynomial indenserepresentation (see Remark 2).

We sketch now how we compute from a given geometric solution ofVP (r) a
geometric solution of the lifting fiberVP (r+1) :

applying Proposition 1 we compute first the coefficients of the minimal polynomial
mYn−r of the coordinate function ofWP (r+1) induced by the linear formYn−r.
At this point we introduce two linear forms̀1 := α1Yn−r + U (r) and `2 :=
α2Yn−r+U (r), whereα1 andα2 are suitably chosen nonzero integers. Modifying
slightly the algorithm underlying Proposition 1 we compute the coefficients of
the minimal polynomialsm`1 andm`2 of the coordinate functions ofWP (r+1)
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induced by the linear forms̀1 and`2. Interpreting the linear formsYn−r andU (r)

as indeterminates, we consider now the zero–dimensional variety

W := {m`1(α1Yn−r+U (r)) = 0,m`2(α2Yn−r+U (r)) = 0,mYn−r (Yn−r) = 0}

which is contained in the affine space C2. The linear form`1 = α1Yn−r + U (r)

separates the points of the varietyW . Using`1 as separating linear form, we apply
now Lemma 6 to the varietyW . In this way we obtain a suitable “parametrizing”

polynomial v(P (r+1))
n−r (T ) such thatYn−r − v

(P (r+1))
n−r (α1Yn−r + U (r)) vanishes

on the whole varietyW . This polynomial is now used for the computation of a
suitable birational morphism which maps the zero–dimensional varietyW to the
lifting fiber VP (r+1) . From the coordinates of this morphism we obtain a geometric
solution ofVP (r+1) .

We are now going to describe the details of the procedure sketched just before.
Let us consider the linear formYn−r + αU (r), whereα is an integer which

will be determined later. We claim that for a generic choice of the parameterα,
the linear formYn−r + αU (r) induces a finite morphism which maps the curve
WP (r+1) onto the affine space C1.

In order to prove this claim, let us consider the minimal polynomial
q(r,P (r+1))(Yn−r, T ) ∈ Q [Yn−r, T ] of the elementu(r) of Q [WP (r+1) ] (recall
thatu(r) is the coordinate function ofWP (r+1) induced by the linear formU (r)).
LetA be a new indeterminate and letL := Yn−r + AT . Specializing in the poly-
nomialq(r,P (r+1))(Yn−r, T ) the variableYn−r into the valueL−AT we obtain a
new polynomial̂q(r,P (r+1))(A,L, T ) in the indeterminatesA, L andT . This poly-
nomial can be written as

q̂(r,P (r+1))(A,L, T ) = cδr,0(A)T δr + · · ·+ c0,δr (A)Lδr,

with cδr,0(A), . . . , c0,δr (A) being elements of Q[A] (observe that this represen-

tation is possible sincedegT q̂(r,P (r+1)) = deg q̂(r,P (r+1)) = δr holds and since
the expressionL − AT is linear inL andT ). Specializing again in̂q(r,P (r+1))

the parameterA into the value zero, we obtainq(r,P (r+1))(L, T ) which is a monic
polynomial in the variableT of degreeδr. This impliescδr,0(0) = 1 and therefore
we havecδr,0(A) 6= 0. Observe also thatdeg cδr,0 ≤ δr holds.

Therefore, specializing the indeterminateA into any valueα ∈ ZZ satisfying
cδr,0(α) 6= 0, we obtain from q̂(r,P (r+1))(A,L, T ) a new polynomial

q̂(r,P (r+1))(α,L, T ) ∈ Q [L, T ] of partial degreeδr in the variableT . We con-
sider now the coordinate functioǹ= yn−r + αu(r) of the curveWP (r+1) and the
subalgebra Q[`] of Q [WP (r+1) ].

From the identityq(r,P (r+1))(yn−r, u(r)) = 0 we deduce that in the Q–algebra
Q [WP (r+1) ] the identity q̂(r,P (r+1))(α, `, u(r)) = 0 holds. This means that in
Q [WP (r+1) ] the polynomial̂q(r,P (r+1))(α, `, T ) represents an integral dependence
relation for the coordinate functionu(r) over the subalgebra Q[`].
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From the identities Q[WP (r+1) ] = Q [yn−r, u(r)] andyn−r = ` − αu(r) we
deduce now that Q[`] ↪→ Q [WP (r+1) ] is an integral Q–algebra extension and
therefore the morphism̀: WP (r+1) → C1 is finite and surjective.

We claim now that for a generic choice of the parameterα ∈ ZZ the linear
form Yn−r + αU (r) induces a primitive element of the zero–dimensional variety
VP (r+1) .

In order to show this claim, let us consider the linear formL := Yn−r +
AU (r) ∈ Q [A][X1, . . . , Xn]. The polynomial

P (A) =
∏

x(1), x(2)∈V
P (r+1)

x(1) 6= x(2)

(
L̂(x(1))− L̂(x(2))

)

belongs to Q[A]. By construction, the linear formYn−r separates the points of the
lifting fiber VP (r+1) (see Fact in the proof of Theorem 3). This impliesP (0) 6= 0.
One sees now immediately thatP is a nonzero polynomial of Q[A] of degree at
mostδ2

r+1 which expresses a genericity condition saying that for anyα ∈ ZZ with
P (α) 6= 0 the linear form` = Yn−r + αU (r) induces a primitive element of the
lifting fiber VP (r+1) .

For an arbitrary integerα, let us write`α = Yn−r + αU (r) andm`α for the
minimal polynomial of the coordinate function ofVP (r+1) induced by the linear

form `α. Furthermore let us writeρ(r,P (r+1))
`α

for the discriminant of the minimal

polynomialq(r,P (r+1))
`α

(`α, T ) of the coordinate functionu(r) ∈ WP (r+1) over the
Q –algebra Q[`α]. We finally claim that for a generic choice of the parameter
α ∈ ZZ, the linear form̀ := `α = Yn−r + αU (r) satisfies the condition:

gcd(ρ(r,P (r+1))
` ,m`) = 1. (13)

In order to prove this claim, we consider again the linear formL = Yn−r + AT

and the polynomial̂q(r,P (r+1))(A,L, T ) introduced above. LetρL(A,L) be the
discriminant of the polynomial̂q(r,P (r+1))(A,L, T ) with respect to the variable
T . Specializing again in̂q(r,P (r+1))(A,L, T ) the parameterA into the value zero,
we obtain the polynomialq(r,P (r+1))(L, T ) which is separable and monic. This
implies ρL(0,L) 6= 0. Moreover the total degree ofρL is bounded byδ2

r . Let
mL ∈ Q[A][T ] be the minimal polynomial of the image of the linear formYn−r +
AU (r) in the Q [A]–algebra Q[A] ⊗Q Q [VP (r+1) ]. One immediately verifies
degT mL ≤ δr+1. LetR(A) ∈ Q[A] be the resultant of the polynomialsρL(A,L)
andmL(A,L) with respect to the indeterminateL. From Lemma 7 we deduce
R(0) 6= 0. Therefore we haveR(A) 6= 0. Moreover, the estimatesdegL ρL ≤ δ2

r

anddegLmL(A,L) ≤ δr+1 imply degR ≤ δ2
rδr+1. Therefore for any integerα

satisfyingR(α) 6= 0 we see that the linear form̀:= `α = Yn−r +αU (r) satisfies
condition (13).

We are now going to describe how we can find effectively an integerα ∈
ZZ which satisfies the genericity conditions of the three claims just proved. For
this purpose we consider the polynomialH ∈ Q [A] defined by the formula
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H(A) := cδr,0(A)P (A)R(A). One sees immediately thatH 6= 0 anddegH ≤
2δ3 hold. Letκ be a fixed natural number as in Theorem 3. Applying the Zippel–
Schwartz test we choose now randomly two distinct elementsα1 andα2 of the
set {1, . . . , 4κδ3} satisfying the conditionsH(α1) 6= 0 andH(α2) 6= 0. The

probability of success is at least
(
1− 1

2κ

)2
. We suppose from now on that we

have already found such integersα1 andα2. Let `1 := Yn−r + α1U
(r) and

`2 := Yn−r +α2U
(r). Observe that the linear forms`1 and`2 have the properties

formulated in the three claims just before.

Our next aim is to compute the coefficients of the minimal polynomialsmYn−r ,
m`1 andm`2 of the coordinate functions of the lifting fiberVP (r+1) induced by the
linear formsYn−r, `1 and `2. First we compute the coefficients of the minimal
polynomialmYn−r applying directly the procedure underlying Proposition 1.

For the computation of the coefficients of the minimal polynomialsm`1 and
m`2 we modify this procedure in the way we are going to explain now. Recall first
the following notations:

by q(r,P (r+1)) ∈ Q [Yn−r][T ] we denote the minimal polynomial of the coordinate
functionu(r) ∈ Q [WP (r+1) ] over the Q–algebra Q[Yn−r] and byρ(r,P (r+1)) ∈
Q [Yn−r] we denote the discriminant ofq(r,P (r+1))(Yn−r, T ) with respect to the
variableT . Moreoverϕr+1 denotes the coordinate function of the curveWP (r+1)

induced by the polynomialFr+1. Observe that to the coordinate functionϕr+1 ∈
Q [WP (r+1) ] there corresponds an elementfr+1 of the quotient algebra
Q(Yn−r)[T ]/

(
q(r,P (r+1))(Yn−r, T )

)
which has the same minimal polynomial over

Q(Yn−r) as the coordinate functionϕr+1 over Q[Yn−r]. This minimal polynomial
belongs to Q[Yn−r][T ] and is denoted bymfr+1 .

The procedure underlying Proposition 1 requires the computation of the dense
representation of the minimal polynomialsmfr+1 andq(r,P (r+1)) which belong to
Q [Yn−r][T ].

Let us fix1 ≤ i ≤ 2. Observe that the minimal polynomialm(i)
fr+1
∈ Q [`i][T ]

of the coordinate functionϕr+1 with respect to the integral Q–algebra extension
Q [`i] ↪→ Q [WP (r+1) ] can be obtained frommfr+1 in the following simple way :

m
(i)
fr+1

(`i, T ) = mfr+1(`i − αiT, T ).

This identity implies that the coefficients of the constant terma(i) ∈ Q[`i] (with
respect to the variableT ) of the minimal polynomialm(i)

fr+1
can be determined

from the (already computed) dense representation of the polynomialmfr+1 . This
can be done in additional timeO(δ2

r+1) using constant additional space.

In the same way, the minimal polynomialq`i := q
(r,P (r+1))
`i

∈ Q [`i, T ] of
the coordinate functionu(r) with respect to the Q–algebra extension Q[`i] ↪→
Q [WP (r+1) ] can be obtained by means of the identity :

q`i(`i, T ) = q(r,P (r+1))(`i − αiT, T ).
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Let ρi := ρ
(r,P (r+1))
`i

∈ Q [`i] be the discriminant of the polynomialq`i ∈
Q [`i][T ] with respect to the variableT . From the generic choice of the integerαi
and the third (and last) claim proved at the beginning of this subsection we deduce
in the same manner as in Lemma 8 the identity:

m`i =
a(i)

gcd
(
a(i), ρi

) .
Using the same argumentation as in the proof of Proposition 1 we deduce from this
identity that the dense representation of the polynomialsm`1 andm`2 can be com-
puted in additional spaceO(Srδ2

r) and timeO
(
(T dr+ r5)dδ3

r log3 δr log2 log δr
)
.

Consider now the zero–dimensional variety

W := {(λ, η) ∈ C2;m`2(λ) = 0,mYn−r (η) = 0,m`1 (λ+ (α1 − α2)η) = 0}

which is contained in the affine plane C2.
Taking into account the identitỳ1 = `2 + (α1−α2)Yn−r we may consider̀1

as a linear form in the indeterminates`2 andYn−r. Thus for any point(λ, η) ∈ C2

let `1(λ, η) := λ+(α1−α2)η. In this sense, the linear form̀1 separates the points
of the varietyW .

Applying now Lemma 6 to the zero–dimensional varietyW and the linear form
`1 we compute from the dense representation of the polynomialsmYn−r ,m`2 and

m`1 the coefficients of a polynomialv(P (r+1))
n−r ∈ Q[T ] of degree at mostδr+1− 1,

which satisfies for any point(λ, η) ∈W the condition

η = v
(P (r+1))
n−r (λ+ (α1 − α2)η) = v

(P (r+1))
n−r (`1(λ, η)) .

From [42, Proposition 29] we conclude now that the polynomial

Yn−r − v(P (r+1))
n−r (`1) vanishes on the whole lifting fiberVP (r+1) . The computa-

tion of the coefficients of the polynomialv(P (r+1))
n−r can be done in additional space

O(δ2
r+1) and timeO(δ3

r+1 log2 δr+1 log2 log δr+1).
Taking into account the estimationδr+1 ≤ dδr and summing up all complexi-

ties we obtain the following result:

Lemma 9 Let notations and assumptions be as before. In particular suppose that
there is given a geometric solution of the lifting fiberVP (r) and a linear form
`1 = Yn−r +α1U

(r), whereα1 is a sufficiently generic integer. Then it is possible
to compute in spaceO(Srδ2

r) and timeO
(
(T dr + r5)dδ3

r log3 δr log2 log δr
)

the
following items:

– the coefficients of the minimal polynomialm`1 of the coordinate function of
the lifting fiberVP (r+1) induced by the linear form̀1,

– the coefficients of a univariate polynomialv(P (r+1))
n−r ∈ Q [T ] of degree at most

δr+1 − 1 such thatYn−r − v
(P (r+1))
n−r (`1) vanishes on the whole lifting fiber

VP (r+1) .
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It remains now to compute the coefficients of certain suitable polynomials

v
(P (r+1))
n−r+1 , . . . , v

(P (r+1))
n of Q [T ] having degree at mostδr+1 − 1, which, together

with the polynomialv(P (r+1))
n−r , parametrize the lifting fiberVP (r+1) in terms of the

linear form `1 and its minimal polynomialm`1 . This is the content of the next
result.

Theorem 7 Let notations and assumptions be in Lemma 9. Then it is possible
to compute in spaceO(Sdrδ2) and timeO

(
(T dr2 + r5)δ3 log2 δ log2 log δ

)
the

coefficients of certain (univariate) polynomials representing a geometric solution
of the lifting fiberVP (r+1) .

Proof As in Theorem 3, let us fix a natural numberκ and let us fix an integer
η such thatη is a lifting point of the curveWP (r+1) . The corresponding lift-
ing fiber is V (r+1)

Yn−r,η
:= WP (r+1) ∩ {Yn−r = η}. We have seen at the begin-

ning of the proof of Proposition 1 that such an integerη can be chosen ran-
domly in the set{1, . . . , 2κδ2} with probability of success at least1 − 1

2κ . Ap-
plying now Proposition 1 we compute the coefficients of the minimal polynomial
mYn−r of the coordinate function ofVP (r+1) induced by the linear formYn−r.
This can be done by means of a computation tree using spaceO(Srdδ2

r) and time
O
(
(T dr2 + r5)δ3

r log2 δr log2 log δr
)
.

Then we choose randomly two distinct elementsα1 andα2 of the set{1, . . . ,
2κδ3}. Let `1 := Yn−r + α1U

(r) and`2 := Yn−r + α2U
(r). With probability

at least
(
1− 1

κ

)2
the linear forms̀ 1 and`2 have the properties formulated in the

three claims shown at the beginning of this subsection. Then we compute as in
the proof of Lemma 9 the coefficients of the minimal polynomialsm`1 andm`2

of the coordinate functions of the lifting fiberVP (r+1) induced by the linear forms
`1 and`2 in. Moreover we compute for1 ≤ i ≤ 2 the dense representation of
q`i ∈ Q [`i][T ], which is the minimal polynomial of the coordinate functionu(r)

of WP (r+1) over the Q–algebra Q[`i].
Now we use the already determined dense representation of the minimal poly-

nomialsmYn−r ,m`1 andm`2 in order to compute the coefficients of a polynomial

v
(P (r+1))
n−r ∈ Q [T ] having degree at mostδr+1 − 1, such thatYn−r − v(P (r+1))

n−r (`1)
vanishes on the whole lifting fiberVP (r+1) . This can be done by means of a compu-
tation tree using spaceO(Srdδ2

r) and timeO
(
(T dr + r5)δ3

r log2 δr log2 log δr
)
.

For 1 ≤ k ≤ r let Z̃(r)
k be the linear formZ̃(r)

k := 1
α1
`1 − λ(r)

n−r+kYn−r+k
and let us consider the integral Q–algebra extension Q[`1] ↪→ Q [WP (r+1) ]. Our
aim is to compute for1 ≤ k ≤ r the minimal polynomials̃f (r+1)

k andg̃(r+1)
k over

Q [`1] of the coordinate functions ofWP (r+1) induced by the linear formsYn−r+k
andZ̃(r)

k . For this purpose we compute first a geometric solution of an appropriate

lifting fiber of the curveWP (r+1) and determine then the polynomials̃f (r+1)
k and

g̃
(r+1)
k by a suitable lifting process.

We start choosing randomly an elementξ in the set{1, . . . , κδ2}. As at the
beginning of the proof of Proposition 1 we conclude that with probability at least
1− 1

κ the finite morphismWP (r+1) → C1 defined by the linear form̀1 is unramified
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in the pointξ. Henceξ is a lifting point of the curveWP (r+1) with lifting fiber
V

(r+1)
`1,ξ

:= WP (r+1) ∩ {`1 = ξ}.
Now we proceed to compute the coefficients of certain suitable polynomials

representing a geometric solution of the zero–dimensional varietyV
(r+1)
`1,ξ

. Ob-

serve that the coordinate function ofV (r+1)
`1,ξ

induced by the linear formU (r) is a

primitive element of Q[V (r+1)
`1,ξ

] (compare with the argumentation at the beginning
of the proof of Proposition 1).

SinceV (r+1)
`1,ξ

is the fiber of the lifting pointξ of the curveWP (r+1) , the minimal

polynomial of the coordinate function ofV (r+1)
`1,ξ

induced by the linear formU (r)

can be obtained just by specializing in the polynomialq`1 ∈ Q [`1][T ] the variable
`1 into the valueξ.

From the already computed dense representation of the polynomialq`1 we
obtain therefore the minimal polynomial of the primitive element of Q[V (r+1)

`1,ξ
]

induced by the linear formU (r).

At the beginning of Subsection 4.3 we considered for each1 ≤ k ≤ r the lin-
ear formsYn−r+k andZ(r)

k := U (r) − λ(r)
n−r+kYn−r+k. In the same way as in the

proof of Proposition 1 we compute first the minimal integral dependence relations
q

(r)
1 (T ), . . . , q(r)

r (T ) andq̃(r)
1 , . . . , q̃

(r)
r (T ) over Q[Y1, . . . , Yn−r] of the coordinate

functions ofVr induced by the linear formsYn−r+1, . . . , Yn andZ(r)
1 , . . . , Z

(r)
r .

Then we specialize in these integral dependence relations the variablesY1, . . . ,
Yn−r−1 into the valuesp1, . . . , pn−r−1 and the variableYn−r into the value
ξ − α1U

(r). In this manner we obtain for any1 ≤ k ≤ r two polynomials
q

(r,ξ)
k (U (r), T ) and q̃(r,ξ)

k (U (r), T ) which belong to Q[U (r)][T ] and which have

the property thatq(r,ξ)
k (U (r), Yn−r+k) andq̃(r,ξ)

k (U (r), Z
(r)
k ) vanish on the whole

zero–dimensional varietyV (r+1)
`1,ξ

. We apply now Lemma 6 (in a slightly modi-
fied form) to the zero–dimensional variety defined in the affine plane C2 by the
polynomialsq(r,ξ)

k (U (r), Yn−r+k), q̃(r,ξ)
k (U (r), Z

(r)
k ) and q`1(ξ, U (r)) and to the

(separating) linear formU (r). As output of the algorithm underlying Lemma 6 we
obtain the coefficients of a certain univariate polynomialṽ

(r,ξ)
n−r+k ∈ Q [T ] having

degree at mostδr − 1, such thatYn−r+k − ṽ(r,ξ)
n−r+k(U (r)) vanishes on the whole

varietyV (r+1)
`1,ξ

.

In the same way as in the proof of Proposition 1 we conclude that the coeffi-
cients of the (univariate) polynomialsq`1(ξ, T ) andṽ(r,ξ)

n−r+1(T ), . . . , ṽ(r,ξ)
n (T ) can

be computed in spaceO(Srdδ2
r) and timeO

(
(T dr2 + r5)δ3

r log2 δr log2 log δr
)
.

These polynomials represent a geometric solution of the zero–dimensional variety
V

(r+1)
`1,ξ

.

Next we apply Theorem 6 in order to lift for each1 ≤ k ≤ r the projec-
tions of the linear formsYn−r+k and Z̃(r)

k = 1
α1
`1 − λ

(r)
n−r+kYn−r+k from the

zero–dimensional varietyV (r+1)
`1,ξ

to the curveWP (r+1) . This lifting procedure

computes the dense representation of the polynomialsf̃
(r+1)
k and g̃(r+1)

k which
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belong to Q[`1, T ] (see Remark 2). It can be performed in spaceO(Srdδ2
r) and

timeO
(
(T dr2 + r5)δ3

r log2 δr log2 log δr
)
.

Let 1 ≤ k ≤ r. We consider now the zero–dimensional subvariety of the affine
plane C2 defined by the polynomials̃f (r+1)

k (`1, Yn−r+k), g̃(r+1)
k (`1, Z̃

(r)
k ) =

g̃
(r+1)
k ( 1

α1
`1 − λ

(r)
n−r+kYn−r+k) andm`1(`1). Applying as before Lemma 6 in

a slightly modified form to this zero–dimensional variety, we obtain the coeffi-

cients of a certain univariate polynomialv(P (r+1))
n−r+k ∈ Q [T ] having degree at most

δr+1 − 1, such thatYn−r+k − v
(P (r+1))
n−r+k (`1) vanishes on the whole lifting fiber

VP (r+1) . The coefficients of the polynomialsv(P (r+1))
n−r+1 , . . . , v

(P (r+1))
n can be com-

puted in additional spaceO(δ2
r+1) and timeO

(
δ3
r+1 log2 δr+1 log2 log δr+1

)
.

These polynomials and the already computed univariate polynomialsv
(P (r))
n−r

andm`1 represent a geometric solution of the lifting fiberVP (r+1) .
Adding up the complexities of each step in the argument we obtain finally the

complexity estimate of Theorem 7.ut

The proof of Theorem 7 makes precise the computational model in which our
main algorithm works, namely the model of computation trees, whose correctness
depends on the random choice of certain not too big integers. The computation tree
underlying the proof of Theorem 7 is reliable with probability at least

(
1− 1

κ

)4
.

Applying Theorem 7 recursively, we obtain now easily a proof of Theorem 1.
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des źeros. In J. Guddat et al, editor,Approximation and Optimization in the
Caribbean II, Proceedings 2nd Int. Conf. on Non-Linear Optimization and Ap-
proximation, volume 8 ofApproximation and Optimization, pages 247–329.
Peter Lange Verlag, Frankfurt am Main, 1995.

21. W. Fulton. Intersection Theory, volume 3 ofErgebnisse der Mathematik.
Springer, 1984.
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