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1 Introduction

The development of efficient algorithms for real-life purposes often requires the
optimization of more than one resource at the same time. The two most significant
resources for practical computing issuesragmory spacandrunning time Gen-

erally, these two resources can not be minimized simultaneously (independently
from each other), as they are linked by a time—space tradeoff function which is in-
trinsic to the problem treated. Our goal here is to analyze the intrinsic time—space
complexity of multivariate polynomial elimination problems.

It is well known that algorithmic multivariate polynomial elimination faces
serious complexity problems. As it was shown by E. Mayr and A. Meyer in [51],
the typicalalgebraic elimination problems are computationallyfeasiblesince
they are EXPSPACE—complete (see also [50], [45] and [44]).

This fact is reflected by the complexity behaviour of the currently available
software on the subject, mainly based orokirer basis computations (see [10]).
The typical symptoms which can be observed when confronting these software
packages with realistically sized problems, are out—of-memory errors.

This observation suggests the search for effiay@atmetricelimination proce-
dures which may replace the known algebraic ones. This suggestion is also sup-
ported by the fact that all the most classigabmetricelimination problems belong
to the complexity class PSPACE (see [14], [13], [17], [24], [49], [48]).

On the other hand the limitation to geometric problems and algorithms does
not suffice to settle the practical complexity issue of elimination. This is due to
the impossibility to design general purpose elimination algorithms with polyno-
mial time (and space) behaviour which are based on the classical dense encoding
of multivariate polynomials. A well-known example due to D. Lazard, T. Mora,
W. Masser and P. Philippon (see [9]) shows that exponential time behaviour is
unavoidable while using dense representation of polynomials.

From these observations we infer the necessity of using alternative data struc-
tures for the representation of multivariate polynomials. One such possibility is the
encoding of polynomials (and rational numbers) by arithmetic circuits and their re-
lated evaluation schemes siraight—line programgsee [53]).

Although geometric elimination algorithms based on straight—line program
(SLP) encoding of multivariate polynomials improve drastically the complexity
behaviour of their forerunners based on dense encoding (see [24], [28], [20], [41]
or [42]), the complexity issue remains still unsatisfactory. From the main result of
[37] one deduces that ameneral purposelimination algorithm based afiL. P—
encoding of polynomials must necessarily have an exponential time complexity
behaviour on infinitely many examples, provided $%&P representing the input
polynomials is treated as a black box by the algorithm.

This insight leads in [26], [25], [22] and [27] to the consideration of a new
intrinsic geometric invariant, associated to the input equation system, namely its
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geometric degreésee also [47], [52], [32], [33], [36]). The new outcome consists

in the conclusion that elimination haslynomial timecharacter in the (syntacti-

cal) size of the input equation system (given by a straight—line program program
or in sparse representatioaipd the (geometric) degree of the input system. Of
course, this degree may be of exponential size in the number of variables to be
eliminated (it is bounded by the Bezout number of the input system), but in case
that this degree is considerably smaller than teedit number, the new algorith-

mic concept introduced in [25] and [22] becomes of practical interest. The main
outcome of the mentioned work is the observation that elimination polynomials
have only “small” circuit complexity. In fact, such a polynomial can be evaluated
by a straight-line program whose length is roughly of the same order as its degree,
even if the polynomial under consideration contains many variables. By the way,
the classical elimination procedure of Kronecker [43] is vindicated by this work as
the most powerful and efficient algorithm of all the times, although it received in
the past a lot of negative criticism (see e.g. [46], [66]).

This was the starting point for the ongoing work of the TERATurbo Evalu-
ation and Rapid Algorithms) group on highly performant algorithms and computer
programs for the design of an efficient solver for polynomial equation and inequal-
ity systems over the complex and real numbers (see [3] and [4] for progress in the
real case).

These pages will be devoted to the design of an elimination algorithm which
realizes the algorithmic concepts developed in [25] and [22] from a time—space
tradeoff point of view. At the beginning we deduce, based on a result of J. Ja'Ja’
[38], that the algorithmic concepts of [25] and [22] cannot be realized gibg
linear space without causing a superpolynomial growth of the time—space tradeoff
complexity.

Then, following Scbnhage’s ®LDEN RULE NUMBER 1: Do care about the
constants[56], we develop an elimination algorithm which hagadraticspace
andcubictime complexity (in terms of the geometric degree of the input system).
For this purpose we design a series of new algorithms for classical linear alge-
bra tasks, for the manipulation of univariate polynomials and an effective Shape
Lemma version which is particularly adapted to the special features of the main
algorithm of [25] and [22].

1.1 Notations, assumptions and statement of the main result

Let X1,...,X, be indeterminates over the rational numbers Cand let
Q[X;,...,X,] denote the ring ofi—variate polynomials over QLetd be a natu-
ral number and let be given polynomidis, ..., F,, € Q[X4,...,X,] of degree
at mostd. Assume that, ..., F,, define a regular sequencelin®, ..., X,].
Assume also that fot < r» < n — 1 the polynomialsFy, ..., F,. span aradical
ideal (Fy,..., F,)inQ[Xy,...,X,] and denote by, the equidimensional alge-
braic varietyV (Fy, ..., F,) defined byF, ..., F,. in the complex:—dimensional
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affine space C. Finally we assume that there is given a division—free straight—line
program inlQ X, ..., X,,] evaluating the polynomial&y, . .., F,, in spaceS and
time7.

In the sequel we shall consider algorithms which “solve” symbolically the (in-
put) equation systerdy = 0,...,F, = 0 over the complex numbers.@s in
[25] and [22] we associate to the equation systém= 0, ..., F,, = 0 a param-
eterd, called thegeometric degreef the system, which is defined as follows: for
1 < r < nletdeg(V,) denote the (geometric) degreeldf, as introduced in [34].
The geometric degree of the systéin= 0, ..., F,, = 0 is then defined as

0 := max deg(V,).

1<r<n

In order to describe the geometric aspect of our procedure we need some more
terminology, essentially borrowed from [22]. L2t< r < n and let us consider
the (n — r)—dimensional Q-definable closed affine subvariéty:= V,. of C™. A
geometric solutiomf the algebraic variety” consists of the following items:

— a Q-linear change of variables, transforming the variablgs. . ., X,, into
new ones, namelyy,...,Y,, such that the linear map fromQo C™~" de-
fined by the formg7, .. .,Y,,_,. induces a finite surjective morphism of affine
varietiest : V. — C”~". Such a variable transformation is calletNaether
normalizationof the varietyl” and we say that the variablésg, ..., Y,, are
in Noether positiorwith respect tol/, the variabled1, ..., Y, _, beingfree
The given Noether normalization induces an integral ring extension=
Q [Y1,...,Y—] — Q [V] (whereIQ[V] denotes the coordinate ring of
the varietyV). Observe that V] is a free R—module whose rank we de-
note byrankrQ [V]. Notice thatrankrQ [V] < degV (see e.g. [28]) and
QV]=Q[Xy,...,X,]/(Fi,..., F.) holds.

— aQ-linear formU := X\,,_,11Yn i1+ -+ A, Y, which induces a primitive
element of the ring extensioR — Q[V], i.e. an element of the coordinate
ring Q [V] whose (monic) minimal polynomial € R[T] over R satisfies the
conditiondeg ¢ = rankgQ [V] (hereT is a new indeterminate antbg ¢
denotes the partial degree of the polynongia R[T] = Q[Y1,...,Yn—+][T]
with respect to the variabl@). Observe here that we always hate; g =
degr g < deg V with deg ¢ denoting the total degree of

— the minimal polynomial; of v over R.

— a generic parametrizatioti of the variety V' by the zeroes of;, given by

polynomials of the forrrpfﬁrHYn_m - v,(;'i)TH(T), Py, = oM(T)

with pﬁL“_)TH,...,p%“) e R\ {0} ando\™, ... v € R[T]. We require

that maxz{degr v’fLu—)T-‘r17 ..., degr ufj‘)} < degr(q) and pglujr+j§ﬁ,_r+j -
vf;‘_)Hj(T) € I(V) holds for1 < j < r (hereI(V) denotes the vanishing

ideal of V, namelyI (V) = (Fy,..., F.)). Observe that this parametrization
is unique up to scaling by nonzero elements of Q

Let us here remark that this notion of “geometric solution” has a long history,
which goes back at least to L. Kronecker [43] (see also [46], [70]). One might
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consider [15] and [30] as early references where this notion was implicitly used
for the first time in modern symbolic computation.

Given a Noether normalization of the varidtyas before, we call a poif® :=
(p1,...,pn—r) € Z""" alifting point of V' if the finite surjective morphism :

V — €™ " is unramified inP, i.e. if the equationdg’ = 0,...,F, = 0,Y; =
P1y---s Yn_r = pn_, define the fiberr=1(P) by transversal cuts. We call the
zero—dimensional varietyp := 7—!(P) thelifting fiber of the pointP.

Assume now that there is given as before a geometric solution ¢fither)—
dimensional variety” and a lifting pointP satisfying the conditiop,, .11 (P) #
0,...,pn(P) # 0 and discyq(P) # 0, where discrg denotes the discrimi-
nant of the polynomial; with respect to the variabl@'. Then the given geo-
metric solution of the variety’ induces a geometric solution of the lifting fiber
Vp. This geometric solution ofp is given by the linear fornd/, the polynomial
q(P,T) € Q[T and the parametrizatign, _,+1(P)Y;,—r11 —vﬁfjrﬂ(P, 7),...,
pn(P)Yy — u,(L“)(P, T) (observe that all these entities are well defined because
Q[V] 20QI[Xy,...,X,]/(F,...,F.) is a freeR—module and because of our
requiremenp,_.+1(P) #0, ..., p,(P) # 0). We call such a geometric solution
of the varietylV compatiblewith the lifting point P.

Let us denote byFi(Yi,...,Y,),..., Fu(Yy,...,Y,) the elements of the
polynomial ring IQ[Y7,...,Y,] that we obtain if we rewrite the polynomials
Fi(Xq,...,X0),..., Fo(Xyq, ..., X,,) in the variabled, . . ., Y,,. Observe then
that the unramifiedness afin the lifting point P means that

(FU(P,Yy—rs- oY)y o s Fu (P Yoy .., V)
is a radical ideal of QY,,_,11, ..., Y,]. This is equivalent to saying that
Q[VP] g Q[Ynf’r’+1>‘ .. 7Y’n]/(F1(P7 Ynfrw . '7Yn)7‘ .. 7Fn(P7 YTL*’I’?' . aYn))

holds.

The complexity of the procedure that we are going to design for the resolution
of the systemi}, = 0,..., F, = 0 will be described in terms of the following
syntacticandgeometrigparameters:

— n, the number of variables,

— d, the maximum of the degrees of the polynomials. . ., F,,,

— S and7, the space and time complexity of the given straight—line program in
Q[X4,...,X,] which evaluates the polynomialg, ..., F,,

— the geometric degrekof the input systen¥; =0, ..., F, = 0.

The algorithmic method proposed in [25] and [22] proceeds in 1 stages,
computing at each stag@e< r < n a suitable finite projection,. of the varietyV.
onto the affine space’C”, a suitable liting pointP") € Z"~" and a geometric
solution of the lifting fiberVp) := (V;.) pry associated to the lifting poirk (")
and the variety/,.. Then a geometric solution of the variéty is (re)constructed
from the lifting fiber V., and the straight-line program representing the input
polynomialsFi, ..., F,. For this purpose the idea of a division—free symbolic ver-
sion of the Newton—Hensel algorithm is used. Then a Noether normalization of
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the varietyV,.; and a new lifting point?("+1) for V., are determined. Finally a
geometric solution of the lifting fibevy-11) is computed.

In this paper we realize the general algorithmic ideas of [25] and [22] by ex-
hibiting apractically efficien{implementable) algorithm computing the geometric
solution of the variety (F4, . . ., F,,). For this purpose we introduce some modifi-
cations in the method of [25] and [22], we design a series of algorithms for specific
linear algebra tasks and for the manipulation of univariate polynomials and we de-
velop a new effective version of the so—called Shape Lemma (see [40], [14] or
[30]).

The first modification consists roughly speaking in the determination of a si-
multaneous Noether normalization of all the variefigs. . ., V,, and a simultane-
ousa priori determination of the corresponding lifting poin®), ..., P(»=1),

The main purpose of this first modification is to obtain oK r < n a lifting

fiber Vp(-41) with the following property: for any pointzy, ..., 2,) € Vpein,

the morphismr,. is unramified in(x1, . .., ,,—,). This property is crucial in order

to avoid the introduction of additional (extraneous) points while computing the ge-
ometric solution of the lifting fibe# 11, from the geometric solution df ().

The involuntary introduction of additional points in the procedure developed in
[25] and [22] produces an unnecessary quadratic growth of the code size of the
polynomials which appear during the algorithm (with the consequent undesired
effect on the time and space complexity of the procedure).

A second modification of the algorithmic method designed in [25] and [22]
consists in the development of an efficient subalgorithm which produces a geo-
metric solution of the variety,. from the geometric solution of the lifting fiber
Vpty. The symbolic Newton—Hensel algorithm used by this method requires to
deal with very special matrices, which arise from the evaluation of a univariate
polynomial in a Frobenius matrix. By means of simple duality techniques for uni-
variate polynomials we obtain an efficient algorithm which computes the charac-
teristic polynomial of such matrices, improving in this way considerably upon the
time—space complexity of the main algorithm of [25] and [22].

Another important feature of the algorithmic method proposed by [25] and [22]
is the use of a method — originally due to [42] — which reduces the general prob-
lem of finding a Shape Lemma-like representation of a given zero—dimensional
complete intersection variety to the case of an algebraic variety defined by only
two polynomials in two separate variables. We revise this method, replacing the
generalistic linear algebra tools applied in [42] by more specific ones based on the
manipulation of univariate polynomials. In this way we obtain a significant reduc-
tion of the time—space complexity of the corresponding subalgorithm of [42].

Finally we focus our attention on the subalgorithm which computes a geomet-
ric solution of the lifting fibel/-+1) from a geometric solution of the lifting fiber
Vp . The method used in [25] and [22] is divided in two stages. In the first stage
a geometric solution of the variely. is obtained. Then a geometric solution of the
intersection of the variety, with the hypersurfacéf,..; = 0} is computed.

From this geometric solution one obtains a geometric solution of the lifting
fiber Vp 41y just by specializing the remaining free variables of the given geomet-
ric solution of V. N {F,.4; = 0} into the coordinates of the poi@("+1). In this
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paper we increase significantly the efficiency of this procedure reducing the task
to the computation of a geometric solution of the intersection of the hypersurface
{F,+1 = 0} with a suitably introduced curv® p-+1) which is contained in the
(n — r)—dimensional variety/,.. The technique of specializing the free variables
represents a general method coming from theoretical computer sciencedmlled
forestation(see [69]). In [23] this method is systematically applied in a computer
algebra context. Our technique of lifting a projection from a zero—dimensional
variety to a curve was independently discovered and applied in [29].

The final outcome is guadratic-space andubic-time procedure which com-
putes the geometric solution of the given zero—dimensional algebraic variety
V(F,..., F,). More precisely, we obtain the following complexity result:

Theorem 1 Let notations and assumptions be as before. Then there exists a com-
putation tree inQ[Xy,...,X,] that computes a geometric solution of the
algebraic variety V. = V(Fy,...,F,) using spaceO(Sdné?) and time

O((’Tdn2 + n°)5% log® & log? log 6).

In contrast to this result let us mention that a straightforward implementation
of the algorithmic method proposed by [25] and [22] leads to an algorithm using
space0(Sdnd?*) and timeO (T dn®5'%). Let us also remark that in the practical
situations we have in mind, the quantityis expected to be much larger than
the values of the paramete$s 7, d andn. In this sense we are saying that our
algorithm requires onlguadraticspace andubictime.

The computational model we use in this paper is algebraic: we count opera-
tions at unit costs. One may argue that this is unrealistic. However, a practical im-
plementation of the basic algorithmic ideas applied in this paper would necessarily
rely on modular arithmetic. Nevertheless, for modular arithmetic our complexity
model is suitable (compare the implementation work [29]).

2 On time—space tradeoffs

The efficient representation of multivariate polynomials and rational functions is
of central importance for geometric elimination procedures (cf. [53]). Here we
discuss the representation of multivariate polynomialgfithmetic circuits(see

e.g. [67] or [68]).

Let Q (X4,...,X,) denote the field of rational functions ovér Qn the
variablesX;, ..., X,. An arithmetic circuitg in Q (X4,...,X,,) is adirected
acyclic graph(computationDAG for short), whose nodes have all bounded inde-
gree of either 0 or 2. The nodes of indegree 0 are labeled by elements of the set
Q U{Xy,...,X,} and the nodes of indegree 2 (calledernal node} are la-
beled by one of the arithmetic operations addition, subtraction, multiplication or
division. The nodes of indegree 0 labeled by elemen{sX¥f, . . ., X, } are called
input nodesThe nodes of indegree 0 labeled by elements @r® calledparam-
eter nodesThe elements of @ccurring in that way are callggarameterof the
arithmetic circuits. Finally, some nodes of the arithmetic circgitare labeled as
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output nodegtypically, the output nodes will be the nodes with out—degree 0). We
denote the underlying computatidhAG of 5 by I'(53).

When starting from the input nodes and proceeding along the computation
DAG, to each nodg there corresponds in a natural way a rational functipn
computed as the result of all previous steps. Let be giveistinct rational func-
tionsFy,..., Fs € Q(X4,...,X,) and an arithmetic circuj in Q(X1, ..., X,,)
with s output nodes. We say that,, . .., F; arerepresentedy g, if Fy,..., F;
are the rational functions associated to the output nodgs of

In order to modelize the computation with arithmetic circuits, we introduce
the notion of gpebble gameA pebble game converts a given arithmetic cirgiit
into a sequential algorithm (also callsttaight—line programand associates o
natural time and space measures. On the computation grgptof the arithmetic
circuit 3 we may play a pebble game subject to the following rules (see [7]):

P1 any indegree 0 node &% 3) can be pebbled,

P2 if the predecessor nodes of a given npd# I'(3) are both pebbled, them
can be pebbled by a new pebble or just by moving a pebble from one of the
predecessor nodes o

P3 apebble can always be removed from a pebbled nodig &

The pebble game finishes when all the output nod€3(gf) are pebbled. Observe
that the computation grapfi(3) does not determine a pebble game uniquely, i.e.
different pebble games may be playedioqs).

We associate to a given pebble game on the computation graphthe fol-
lowing complexity measures:

C1 aspacemeasure given by the maximum number of pebbles used at any moment
of the game,

C2 atime measure given by the number of pebble placements performed during
the game following rules P1 and P2.

Any fixed pebble game on the computation grdpi®) defines a strategy of
evaluation of which we call astraight-line program A straight-line program
in Q (X1,...,X,) which computes rational functions,, ..., F; is a sequence
8 = (Q1,...,Q,) of elements of the field @X1,...,X,,) with the following
properties:

I) {F17"'7FS} g {Q17"'7QT}1
ii) forany1 < p < r, the rational functior@), belongs tolQU {X,..., X, } or
there existl < p1, p2 < p and an arithmetic operatiamp, belonging to the set

{+,—,*,/} such tha), = Q,, op, Q,, holds.

Straight-line programs have been extensively used to modelize algebraic compu-
tations (see for example [8], [65], [63], [35], [53], [11]). Since the late seventies
the relevance of this concept for multivariate polynomial elimination became more
and more evident (see e.qg. [24], [28], [20], [19], [42], [26], [25], [22], [3])-

Our model of computation is based on the concept of arithmetic circuits and
straight—line programs. However, a model of computation consistihgof arith-
metic circuits and straight—line programs is not expressive enough for our purpose,
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namely, the description of a general geometric elimination procedure. Therefore
our model of computation has to include decisions and selections (subject to previ-
ous decisions). For this reason we shall consatithmetic—boolean circuitgalso
called arithmetic networKsinstead of arithmetic circuits ancbmputation trees
instead of straight—line programs. An arithmetic—boolean circuit is nothing but a
DAG whose nodes are labeled either by arithmetic operations or by selections
(pointing to other nodes) subject to previous equal-to—zero decisions. A pebble
game on an arithmetic—boolean circuit gives rise to a computation tree, fixing thus
a strategy of evaluation of the given arithmetic—boolean circuit. In other words, a
computation tree is nothing but a straight—line program Wwitinchings Time and
space of the evaluation of a given computation tree are defined analogously as in
the case of straight-line programs (see. e.g. [67], [68] or [11] for more details on
the notion of arithmetic—boolean circuits and computation trees).

From now on we shall tacitly assume that our arithmetic—boolean circuits and
computation trees in Q¥y,...,X,] contain onlynon—essentiadivisions (i.e.
only divisions by nonzero elements bf)Q

Let us now briefly discuss the time—space tradeoff complexity of the proce-
dures in [25] and [22]. These procedures are described by arithmetic—boolean cir-
cuits of size(ndsL)°™) and nonscalar dept® ((log,n + ¢)log, §), where as
beforen bounds the number of variables addounds the degree of the input
polynomials,s is the (affine) degree of the input system and finallyand ¢ are
the size and nonscalar depth of an arithmetic circuit representing the input poly-
nomials.

We first observe, that using a standdm@adth—first searctscheme for the
evaluation of the arithmetic—boolean circuits described in [25] and [22], we obtain
a computation tree using space and times L),

Similarly, using adepth—first searckcheme as in [6], we obtain a computation

tree using space@ ((log, n + /) log, 6)0(1) and timeLnd©(og2 7+ for the same
task (see [47]).

It would be desirable to combine the advantages of these two computation
trees, namely, to construct a computation tree which uses only 6H{#kez, n+¢)

log, 6)0(1) and time(nds L)), Unfortunately, there seems to be little hope for

the simultaneous optimization of both space and time requirements up to this level.
The main algorithm of [25] and [22] relies heavily on linear algebra tasks such

as the computation of the characteristic polynomial or the determinant of matrices

of sized x 0. As shown in [67] or [68], these tasks are of equal computational

difficulty as the iterated matrix product 6fmatrices of sizé x ¢. With respect to

the latter task, the following result is known [38]:

Theorem 2 ([38], Theorem 5.3)etA,, ..., A; bed matrices inQ?*%. Then the
time7 required to compute the produdt; - - - A5 using spaces verifies:

5l+1

T=0 (Sl—2> , wherel > [logd] + 2.
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From this theorem we deduce that ussuplinearspace algorithms (i.e. al-
gorithms having for some constant< 1 space complexity)(§¢)) in order to
solve the linear algebra tasks posed by the main algorithm in [25] and [22] would
produce an elimination procedure of superpolynomfif°£% time complexity.
Hence, sublinear space algorithms for linear algebra tasks do not produce the de-
sired time—space tradeoff effect in our main algorithm.

In view of this conclusion, we see thlitear space is the most space efficient
alternative for linear algebra tasksifactically feasibleprocedures have to be de-
signed. In the following sections we are going to revise the critical parts (in terms
of memory usage) of the main algorithm in [25] and [22] which use linear algebra
subroutines requiringonlinearspace. In this paper we replace these subroutines
by linear space algorithms whose (polynomial) time complexity is as small as pos-
sible, i.e. asymptoticallguadratic Some more modifications of rather geometric
nature of the main algorithm of [25] and [22] allow to reduce the exponent 4 of the
space complexity of this algorithm to the exponent 2 announced in Theorem 1 (the
simultaneous reduction of the time complexity is from exponent 16 to exponent
3).

3 Simultaneous Noether normalization

In this section we maintain the notations and assumptions established in the In-
troduction. The present section is devoted to the determination of a simultaneous
Noether normalization of all varietidg, ..., V,,_; and foranyl <r <mn —2to

the determination of a lifting poinP("+1) such that the corresponding lifting fiber
Vp+1) has the following property: for any poil® := (z1,...,z,) € Vpersn),

the morphisnr,. is unramified in(z4, . . ., z,—,). By a simultaneous Noether nor-
malization we understand a linear change of variables given by a matixQ"™ *"

such that for any < » < n the new variable?,...,Y,, are in Noether position

with respect to the variety/., i.e. such that the canonical homomorphism

Q[Ylv'”vYnfr} f_)Q[Yla"'vyn}/(Flv"'7Fn7r)

represents an integral extensionl of§lgebras.

In order to find the simultaneous Noether normalization and the lifting points
we are looking for, we need suitable genericity conditions. The following lemma
formalizes the well known fact that a generic linear change of coordinates yields
a geometrically unramified Noether normalization of a given equidimensional al-
gebraic variety. Moreover this lemma states an appropriate bound for the degree
of certain polynomials whose nonvanishing expresses a suitable sufficient (and
consistent) genericity condition for such a change of variables.

Lemma 1 Let W be a nonempty and equidimensional Zariski closed subvariety
of C™. Suppose thalV is definable ove® . Letr := n — dim(W), let A :=
(A; j)1<i<n—r, 1<j<n be a matrix of indeterminates and let
Vi Xy
. = A
Yo X,
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Then there exists a nonzero polynom@&ak Q[A4; ;: 1 <i<n-—r,1<j<n]
such that the following conditions are satisfied:

i) for any (n — r) x n matrix A := (A j)i<icn—ri<j<n € Q 77X with
G(X\) # 0, all (n — r)—minors of\ are regular and the linear form¥; :=
Z;’:l M Xy Yooy o= Z;‘:l An—r,; X, define a finite morphism which
maps the variety}” onto the affine spacg™ ",

i) for 1 < i <n — r the polynomial= satisfies the degree estimate

2, (G) < degW +2(n —7)

,,,,,,,

(heredeg,, , 4, (G) denotes the partial degree 6t with respect to the
variablesA, 1, . . ., A; ).

iii) Finally, let m € Z, m > 0and letZ,,..., Z,, be new indeterminates. Let be
given a polynomial

HEQ[Ai,jan7zla"'7Z7n: 1§Z§n77n71§]§n]

of degree at mostD. Consider the Zariski closurel’ of the set

(C=m>n . ¢™ x W)n{H = 0,G # 0} and suppose that
dimW < (n —r)(n + 1) + m — 1 holds. Then the entries of the matrix
A and the polynomialg, . .., Z,,, Y1, ..., Y,_, induce a morphism of affine
spaces

T C(n—r)xn X C™ x C" — C(n—r)xn X C™ x CVT

such that the Zariski closure @f(W) is empty or e —definable hypersurface
of C(»=7)x7 x €™ x € " of degree at mogtn — r + 1) D?(deg W)3.

Lemma 1 is a straightforward consequence of standard facts about equidimen-
sional affine varieties and the Chow (Cayley) forms of their projective closures
(compare [46], [60], [12]). We give therefore only a short account of its proof.

Proof of Lemma 1 (Sketch)Let U, ..., U, be new indeterminates. L&t :=

u X, +---+U,X, and consideffﬁ, ..., Y,,U as indeterminates. The Chow
form P of the projective closure of the afflne varietlyy can be interpreted as a
polynomial of Q[4; ;,Y;,U;,U, 1 <i <n —r, 1 < j < n] which is homoge-
neous of degredeg W in the variabled/;, ..., U,,, U andforanyl < i < n—rin
the variablest; 1, ..., A; , Y;. From the geometric properties of the Chow form
P one deduces easily that the mononiidrs W occurs inP with a nonzero coef-
ficient G not containing any of the variablég, . . ., Y,,. Thus we have

G’EQ[ i1 <i<n—r 1<j<n],

G#OanddegA i G <deg Wforanyl <i<n—r.Foranyl <j<n
we denote by; the coordinate function di induced by the variableg;. Let
Yy &
A EAE
Y'r;kf'r fn
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andU* := Ui &1+ - -+U,¢&,. Observe thaty, ..., Y,* andU* are algebraically

independent ovet 4; ;1 < i < n—r,1 < j < n). From the geometric
properties of the Chow forn? one deduces immediately that in the-glgebra

Q[A;;,Uj;1<i<n—r1<j<n] ®Q QW]
the algebraic identity

0=P(AYy,....Y , U,...,Up,U*) =
1)
= P(Aayl*a'"aY:—7>7U17-"7UnaU1§1 + -0+ Unfn)

holds.

Moreover,%(/l, Y, LY Uy, ., Uy, U™) is not a zero divisor of this
Q —algebra. Letl < j < n and letP; be the polynomial obtained specializing
in P all variablesUy,...,U,, except the variabl&/;, into the values zero and
specializing the variabl&; into the value one. One verifies immediately that the
nonzero polynomiaf is still the coefficient of the monomidrdes W in P;.

From (1) one deduces now that in the-glgebra

QAij31<i<n—r 1<j<negQ[W]

the algebraic identity?; (A, Y7",...,Y*_ ., &;) = 0 holds. This implies for

G:=0G- Z det((/li7jk)1§i,k§n—r, 1§j§n)2

1< < <jp—r<n—r

statementsif and ¢:) of Lemma 1 (for more details see e.g. [62]).
We are now going to show statemeiit) of Lemma 1. As in [43] or [46, 11.21]
one deduces from (1) that in

Q[4i;,Ujs1<i<n—r 1<j<n]og QW]
for any1l < j < n the algebraic identity

OP *
OF (A YF,....Y,

*
n—r?

U17 .- ~7Un7 U*)§J+
)
(ALY LY

—r

Ui,...,Up,U*) =0

holds.
We may now choose values, .. ., u, € Q such that

OP . .
%(Avifl PRI 7Yn—7-au17 ce. 7UH,U1§1 + - +U7L§n)

is still a nonzero divisor of thé Qalgebra

Q[Ai,j;lﬁién—T,1§j§n]®QQ[W]~
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Let P = P(AYy,....Ya p,ui,...,u,,U) and for1 < j < n let

Q; == LAY, Y u,. .., u,, U). Moreover letU := u& + -+ +
J

un&,. Then we deduce from (2) that for amy< j < n in the Q-algebra

QAij31<i<n—r 1<j<negQW]

the identity
ap * * 2 * * Ay
%(/Mf1 v Y UG+ QA Y, Y U)=0 (3)
holds. I A
Moreover,g—g(AYl*, ..., Y . U)is not a zero divisor of this algebra. Ob-

serve also that the nonzero polynom@l is the coefficient of the monomial
Udee Win P. From (1) we deduce

P(AYY, ..., Y  U)=0. (4)
Let H be the polynomial of
Q[A’i,j75}ia217"'azm70j;1§7;§n_7ﬂ, ].S_]S’]’L]

obtained by replacing idf for any1 < j < n the variableX; by 9 and by

2b

clearing denominators. Observe tda; H < Ddeg W and that
degAl BT R H< (n—r+1)Ddeg W

holds.

Let R := Res;(P, H) be the resultant of the polynomiaid and H with re-
spect to the variable U. Observe that R is an element of
Q [Aij,Yi,Z1, .., Zm;1 < i < n—r 1 < j < n]of degree at most
(n—r+1)D?(deg W)3. From the identities (3), (4) and the properties of the resul-
tant we deduce tha®(A, Y, ..., Y, | Z1,...,Z,) vanishes on the varieﬂﬁ/.

The assumptiondimW < (n — 7)(n + 1) + m — 1 implies
RAYY,....Y . Z1,...,Zn) # 0. ThereforeR is a nonzero polynomial
which vanishes on the set#W). O

Now we are ready to prove the main theorem of this section. This result asserts
that the coefficients of the linear forms, . . ., Y;, and the coordinates of the lifting
points P(") we are looking for can be randomly chosen in a suitable finite subset
of 7ZZ with high probability of success.

Theorem 3 Let x be a fixed natural number. There exist linear forixis :=
Do M X Yy = 300 A X of Z[Xy, ..., X,] and a pointP =
(p1,--.,pn) € Z" of (absolute) height at mostn8d*6? such that forl < r <
n — 1 the following conditions are satisfied:

i) the linear formsyy, ..., Y, _, are in Noether position with respect to the vari-
etyV.,
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i) the point P(") := (py,...,p,_,) is a liting point of V,, i.e. the morphism
m. : V., —» C" " induced by the linear form¥y, ... Y, _, is unramified in
P,

i) r =n— 1 orther,—fiber of any point) € , (w[jl (P(’”“))) is unramified,
i.e. for any pointr € 7, 1(Q) the condition

J(Fy,... . F)
det
‘ (a(X"L—T'-‘rla . %

) @020

is satisfied.

Furthermore, we can choose the coefficients of the linear farms. ., Y,, and
the coordinates of the pointP randomly and uniformly in the set
S = {1,2,...,8:n8d*¢"} with a probability of success of at least

Proof Let A := (A; ;)1<s,j<» be a matrix of indeterminates and let

Y X,
=AY
Yn X’VL
Let us fix for the moment an arbitrary index< r < n — 1.
LetA, := (Ai,j)lgign—r, 1<j<n and let

A171 e Al,n
An—r 1 .- An—r n
H, .= det OF, oF,
90X, t 0X,
OF, OF,
0X c 0Xn

Thus we haveH, € C[4;,;,X;;1 < i < n—-r1 < j < n]and
deg H < n—r+rd < nd. Letz € C" an arbitrary point. Observe that the
Jacobian matrix

9 B
8)1?1 () ... 8)2 (z)
OF, OF,
9)1?1 () ... 8)1;" (z)

has maximal rankr if and only if H.(4,,2z) # 0 holds in
ClA;;;1 <i<mn-—r1<j<n](orequivalently if there exists a matrix
A € Q=X with H,.(\, z) # 0).

Let C be an arbitrary irreducible component of the varidty. Then
dim(C) = n — r and IC"~")*" x C is an irreducible component of dimension
(n —r)(n + 1) of the varietyIC"~")*" x V,. and all irreducible components of
C("—")*" » V, have this cylindric form.
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Since by hypothesis the idedl’ , . . . , F}.) is radical, there exists a pointe C
such that the matrix

0 a
S(z) ... 2E(a)

has maximal rank in z. Therefore we havél,.(A,,z) # 0. Thus there exists
a matrix \, € Q (=")*" with H,(\.,z) # 0. On the other hand, the null
matrix 0, € Q (»~")*" satisfies the conditiorf,.(0,,z) = 0. This implies
that (C("~")*" x C) N {H, = 0} is an equidimensional variety of dimension
(n —7)(n + 1) — 1 and that the same f¢C"~")*" x V,.) N {H,. = 0} holds.
Let, : Cn=")Xn x € — C»~")X" x C*~" be the morphism of affine spaces
induced by the entries of the matrik. and the polynomial§’1, oo, Y. We are
now able to apply Lemma 1 t@,. and top,. and H,.. Observingdeg V,. < § we
deduce from Lemma ) and () that there exists a honzero polynomial

GreQl4,;;1<i<n-—-r,1<j<n]

with
degG, <2(n—r)+degV, <2n+94
such that for any,. € Q (»~"*™ with G,.(\,) # 0 all (n — r)—minors of)\, are
Y X
regular and such that fof : = A\ : the linear formsyy, ..., Y, _,
Y, Xn
induce a Noether normalization of the varidty. Taking into accoundleg H, <
nd we deduce from Lemma %i¢) that there exists a honzero polynomial

R, €QA;;,Yi;1<i<n—r 1<j<n]

with
deg R, < (n — 7+ 1)(nd)*(degV;)? < n®d?s3

such thatR,. vanishes on the,—image of the set
(Cr=m>" 5 V)N {H, = 0,G, # 0}.

ConsideringR,. as a polynomial in the variabléé, o ,Yn_,, we may choose
a nonzero coefficient of a suitable monomialf . . . , Yo occurring inR,..
Multiplying G,. by this coefficient, we may assume without loss of generality that
for any matrix \, € C ™~ "x" with G.(\,) # 0 the polynomial
R.(\,Y1,...,Y,_,)is notidentically zero and thaleg G, < 2n3d2§° holds.

Let now D be an arbitrary irreducible component of the varigty ;. As be-
fore one may choose a pointe D such that the matrix

BFl 8F‘l
00X e 0Xn
OF, 11 OFy 11

00X 00X,
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has maximal rank 4 1 in . Therefore also the matrix

OF, OF,
0X1 e 0X,,
oF, oF,
9%, ' 9X»

has maximal rank, namely in . Therefore there exists a mattix € Qn—mxn
such thatH,.(\.,z) # 0. This implies that the coordinate function of the
Q —algebralQC™~"*" x D], induced by the polynomiall,., does not vanish
identically. SinceD was an arbitrary irreducible componentigf, ; we conclude
that the coordinate function of

QIC M x V, ]2 Q[Aij, Xj31<i<n—r1<j<nl/(F,...,Fq1),

induced by the polynomiali,., is not a zero divisor.
Consider now theé Qalgebra extension

A:=QA;,Y;1<i<n—-r1<j<n]C

CBI:Q[/L;J,XJ'; 1§Z§n7T,1§j§TL]/(F1,,FT)

and denote by, ; and H, the residue class df,,; and H, in B. Observe that
B is a equidimensional and reduced&lgebra of Krull dimensiofin —r)(n+1),
that F,.,; is not a zero divisor of3, that H,. does not belong to any (isolated)
prime component of the principal ide&F,.,; and thatA is a polynomial ring
overQin (n — r)(n + 1) variables (namely in the entries of the matix and in
Y1, ...,Y,). The nonzero polynomials, andR, belong toA and the localization
Ag, is integrally closed. From the geometric properties of the polynoGijalve
deduce that the map,. induces a finite, surjective morphism of varieties which
maps(C"~"*" N {G, # 0}) x V,. onto(C"~)*" N {G, # 0}) x C*".

Thus thelQ-algebra extensioA, — Bg,. is integral. Since the polynomial
R, vanishes on the,—image of the locally closed variety

(C=x" V)N {H, = 0,G, # 0}

we may suppose without loss of generality (replacing the polynoRyiddy a suit-
able factor) that the radical of the principal ideal generatefpin A, coincides
with the radical ideal oA, N (Bg, H,) in Ag.

From the cylindric structure of the irreducible components&fC>" x V.
one deduces immediately that no (isolated) prime component of the/it¥éal,
contains the polynomiak,..

If there exists an (isolated) prime component/®F;.,; which contains the
polynomial R, we have the same situation f@l;, F,.,1. Considering now the
integral ring extensionl;, — B¢, and taking into account that;, is integrally
closed, one concludes by standard arguments of commutative algebra (as e.g. in
[13]) that there exists an isolated prime componenBef F,..; which contains
H, and therefore we have the same situationBdr,, ;. As we have seen before,
this is impossible. Thus we have shown that no (isolated) prime component of
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BF,,1 contains the polynomiaR,. By the way, let us observe that we did not
make use of the Cohen—Macaulayness ofithalQebraB.
Translated into geometry our conclusion means that

dim ((cw-r)m X Vip1) N {R, = o}) <(n—-r)n+1)—2

holds.
Consider now the morphism of affine spaces

¢7-+1 . C(nfr)xn < C" — C(nfr)xn % Cnfrfl

induced by the entries of the mattik. and the polynomial¥;, ..., Y, _,_i. Ap-
plying now Lemma 1 ) to V,..1, ¥, and R, we conclude that there exists a
nonzero polynomial

A €QA Y, Vo3 1<i<n—r,1<j<n]

with deg A, < (n — 7)(deg R,)?(deg V,41) < n"d*¢® such thatd, vanishes
on they,.—image of the locally closed variety

cn—r)xn o Vigri N{R, =0, Gr41 # 0}.

Considering4, as a polynomial in the variableg;,...,Y,_,_, we may
choose a nonzero coefficient of a suitable monomiaffgf. ...Y,_,_1 occur-
ring in A,.. Multiplying G, by this coefficient we may assume without loss of
generality that for any matrix,, € C»~")*" with G,.(\,) # 0 the polynomial
A\, Y1,...,Y,_,_1)is notidentically zero and thaieg G,. < 3n"d*é° holds.

Let G := det(A) - [['~, G, andR := [['_] A,R,. ThenG is a nonzero
polynomial of Q[4; ;; 1 < i,j < n] with deg G < 4nd*s° and R is a nonzero
polynomial of Q[A; ;, Y;; 1 < 4, < n] with deg R < 2n%d*5°. Recall that the
statement of Theorem 3 depends on a parameteiN . We suppose now that this
parameter is fixed.

Let S := {1,...,6xn%d*6"}. Observe that the cardinalit#S of the setS is
strictly larger thanleg G anddeg R. Therefore, we may find, by a random choice,
a matrix\ € S™*™ and a pointP € S™ such that the condition§(\) # 0 and
R(\, P) # 0 are satisfied. By the Zippel-Schwartz test (see [71], [57] or [72]) the
probability of success of such a random choice is at least

87459\ 2 2
<1_deg(G)) (1_deg(R)>><1_4nd5> :(1_i) 21.
#(5) #(5) #(5) 2 4
Suppose that there is given a matix= (\; j)1<;,j<n € S™*™ and a point

P = (p1,...,pn) € S™ such thatG(\) # 0 and R(\, P) # 0 holds. From
G(\) # 0 we deduce thafet(\) # 0 and this implies that for

()-()
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the conditioni@QY1, ..., Y,] = Q[Xy,. .., X,] is satisfied.
Consider an arbitrary indek < r < n — 1. Let A, := (A j)1<i<n—r, 1<j<n
P") = (p1,...,pn_r) andPU*tY) := (p;, ... p,_,_1). Observe that we have
Yy X1

with this notation : = A\ : . Denote byr,. : V,, — C* " and
YI'L—T‘ X’IL

i1 : Veg1 — €71 the morphisms of affine varieties induced by the linear

formsYs,...,Y,—.andYy,...,Y,_,_1. FromG()\) # 0 we deducé&,. () # 0.

Therefore all (n — r)-minors of \. are regular. This implies

Q1,....Y ., X,,....X; ] = Q[X4,...,X,] for any choice ofr indices

1 <4 < - < i < n. Moreover, fromG,()\.) # 0 we infer that the lin-

ear formsYy,...,Y,,_, induce a Noether normalization of the variéty. Thus

Y1,...,Y,_, satisfy condition {) of Theorem 3. We conclude in particular that

7. V. — C*" " andm,yq : Vo1 — C* "1 are finite surjective morphisms

of affine varieties. Since by construction the polynonialvanishes on the,—

image of the locally closed variety

(C=>7 5 VYN {H, = 0,G, # 0},
we conclude that for any point € V,. with H,.(\,., ) = 0 the condition
R, ()\T,TI'T(.’L’)) =R, ()\T, Yi(x),..., Yn,r(a:)) =0

is satisfied. On the other hand we have by assumgion P) # 0. This implies
R.(Ar, P(M) # 0. FromR,.(\,, P(")) # 0 we deduce now that the polynomial
H,(\., X1,...,X,) vanishes nowhere on_ ' (P(")). Letz be an arbitrary point
of 7,71 (P(™). Then we have

)\1’1 )\Ln

/\n—r 1 oo )\n—r n

0% Hi(\,2) = det ’ ’
#HQw ) =det | b ) 2B ()
(@) (@)

Since all(n — r)—-minors of\, are regular we conclude that there exishdices
1< <+ <. <nsuchthatthe linear formsg,,...,Y,_,., X;,,..., X;, are
Q-linearly independent and such that

OF, OF;
det #0
Do) ... ()

holds. Sincer € 7 '(P()) was arbitrary, this means that the finite morphism
7. : V. — C*" is unramified in the poinP("). ThusP(") is a lifting point of V..
ThereforeY:,...,Y,_, andP(") satisfy condition(ii) of Theorem 3.
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Observe now thaf/(\) # 0 andR(\, P) # 0impliesG,11(\,) = G (\) #
0andA, (A, P+ £ 0.

Let us consider an arbitrary poit € =, (wfjl(P(T“))). Then there exists a
pointz € m (P"*+Y) such that

Q = (Yl (Z)7 cee 7Yn7r(z)) = (pla <oy Pn—r—1, Ynfr(z))

holds. Suppose now
0=R, ()\T, Q) =R, (/\T,Yl(z), e Yn,r(z)).

Since by construction the polynomidl. vanishes on the,,;—image of the lo-
cally closed variety

(Cr > e V)N {R, = 0,Grpq # 0}
and since we hav€',1()\,.) # 0, we conclude
0=A, ()\T, Yi(z),... ,Yn,r,l(z))
= A (Arsp1, - Prr—1)

= A (A, PUHD),

However, as we have seen before, our choicearid P implies A, ()., PU+1))
0. Therefore we hav®,.(\., Q) # 0.

Following our previous reasoning, this means that the morphisie unram-
ified in the pointQ. ThereforeY:, ..., Y, _, and PtV satisfy condition(iii) of
Theorem 3. O

From now on we shall suppose thais fixed and that we have already chosen
linear formsYy, ..., Y, € Z[X,,...,X,] and a pointP = (p1,...,p,) € Z"
satisfying the conditionsi), (i¢), and(éii) of Theorem 3 and having coordinates
inS=1{1,...,8:n%d*§}.

4 Algorithmic tools

In this section we are going to exhibit efficient algorithms for some specific geo-
metric tasks. These tasks are crucial for the design of our main algorithm which
computes a geometric solution of the algebraic vaigty= V (F1, ..., F,). Fix

1 <r < n — 1. We are going to consider the following tasks:

— lifting of a projection given a geometric solution of the lifting fib&% (., of the
morphismnr,. : V. — C™~" and a polynomiaF' € Q[X;, ..., X,], compute
the minimal polynomial oft" over Q[V/],
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— the following effective variant of the Shape Lemntet K be a field of char-
acteristic zero with algebraic closufé. Let be given three nonconstant and
square—free polynomial§ g, h € K|[T'] by their coefficients and let be given
a nonzero element € K. Suppose that the linear formX + Y separates
points of the zero—dimensional variefyz,y) € K?; f(z) = 0,g(z) = 0}
and that the varietyy := {(z,y) € K?; f(z) = 0,g(x) = 0, h(az +7y) = 0}
is nonempty. The task consists in the computation of a geometric solution of
the zero—dimensional algebraic variéty.

— lifting of a zero—dimensional fibeigiven a geometric solution of the lifting
fiber Vpey of the morphismr,. : V. — C™~", compute a geometric solution
of V,,

— computation of a projectiongiven a geometric solution of the lifting fiber
Vp of the morphismm, : V., — C™~", compute the minimal equation
satisfied by the linear forri,,_,. over the lifting fiberV(+1) of the morphism
Tr41: Vepp — €L

4.1 Newton—Hensel lifting of a projection

Fix againl < r < n— 1. In this subsection we shall develop an efficient algorithm
for the following task:

Given a polynomialFF € Q]JY;,...,Y,], compute a polynomiakr €
Q[Y1,...,Y,—,][T] such that the conditiogr (Y1, ..., Yn—, F) € (F1,..., F})
is satisfied.

This task is a fundamental problem for geometric elimination procedures and
was considered by several authors (see for example [24], [42], [26], [25], [22],
[52]). Our approach is inspired by [22], where the authors describe an algorithm
which solves this task starting from a geometric solution of the lifting fiber,
as input.

Let notations and assumptions be as before. Assume that there is given a geo-
metric solution of the variety,. and assume that this geometric solution is compat-
ible with the given lifting pointP(") € Z"~". In view of the notation introduced
in Section 1 let this geometric solution be given by the following items:

— alinear formU € Q [Y,,—y11, ..., Y,] inducing a primitive element of the
integral ring extension (¥, 1, . . ., Y5,] — Q[V;] with minimal polynomial
¢(T) € Q[Vi, .., Y, ][T]

— primitive polynomials

pn—r-l—lyn—r-i-l - Un—r-i—l(T) yeeey pnYn - Un(T)

with v, 1(T), ..., v, (T) belonging tolQ[Y1, ..., Y, ][T] and py—r41,
.., pn, being nonzero elements of[®@, ..., Y,—.].

These items satisfy by assumption the following conditions:
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i) degrq =rankyy, vy, Q]
i) pr—r+1Yn—ri1—Vn—ry1(T), ..., pnYn—v,(T) form a generic “parametriza-
tion” of the varietyV,. by the zeroes of(T") (see Section 1 for details)
i) pp—r1(P7)) #0,..., pu(PT)) # 0and discig(P) # 0

In order to simplify notations, we assume without loss of generality=
degT q= ranl@[ylym’ynir]Q [V”

The given geometric solution &f. induces a geometric solution of the lifting
fiber V(.. This geometric solution is given by a primitive elemefit’ € Q V],
namely the coordinate function defined by the linear féfmand by the polyno-
mials

¢PNT) = g(PO.T)

p) ,
Yo—r1 — U’SL—’I'-"-)l (T) = Yn—rs1 — mvn—rﬁ-l(P( ),T)

P . r
Yo = ol UT) = Y = Sy on (PO, T)

with o) (1), . oS € Q [T). HereqP™)(T) is the minimal poly-
nomial of the primitive elemeni(”) in Q [Vp] and the polynomialy,_, 1 —

(r) (r) . .
o7 (T, Y — o) (T) parametrize the points 6f,() by the zeroes of
the polynomialy"""”) (T). Denote byM € Q <3~ the companion matrix of the
polynomial ¢(*”)(T)). ConsideringF, ..., F, as polynomials in the variables

Yi—rt1,..., Y, with coefficients in the polynomial ring @, ...,Y,_,] letus
write o, o
6)/71—1"4»1 T aYn
ho := det : .
aF, aF,
OYpn_ry1 77 OYn

Observing that the vanishing ide&(Vp ) of the lifting fiber V() is gen-
erated inlQY;,_,;1, ..., Y,] by the polynomialst; (P, Y, _,1,...,Y,),...

9

F.(P"),Y,_,.41,,...,Y,) we easily deduce from conditiofd—(iii) above that
the rational, x &, matrix hg (P(T), o (M), ,vﬁlp(r))(M)) is invertible.

The algorithm of [22] relies on a symbolic iteration of the following Newton—
Hensel operator:

NYri1,-- -, Yo) =

oF . oFm \ !

Yo—rt1 ) — oY, Fi (Yo ry1,..-,Yn)
Y, 78Y(Z€‘:+1 s g{;‘: FT'(Y!L—T'-"-l? CE Yn)
Here N(Y,_,+1,...,Y,)" denotes the transposition of the row vector

N(Yn—yy1,...,Yy) to the corresponding column vector. The approach of [22] is
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based on the observation that aggnericO—dimensional fibe¥»() provides all
necessary information for the reconstruction of a geometric solution pidsitive
dimensional variety.

Let D be the total degree df and lets := |log(Dé,.)| + 1. Let us denote by

(g"’_—h’”“l, e %) the vector of rational functions

gi S Q(Y17"'7YTL—T)[Y"—T‘+17"' ;Y'n,]7

h
n —r < k < n, obtained by iterating the Newton—Hensel operatdimes. Since
the rational, xd, matrith(P("),v,(fi(:jr)l(M), . ,vflpm)(M)) is invertible, we

may assume without loss of generality that the same holds for
h(P), vaP_(;jr)l(M), . ,vﬁlpm)(M)). Thus we see that the matrix
h(v,(lli(:fl(M), e ,v,(LP(T))(M)), that we obtain from the polynomial

h(Y1,...,Y,) by specializing the variable¥,,_,.1,...,Y, into the rational

. (r) (r) . . .
dr X Oy matrlce&;ffirﬁl(M), o )(M), is an invertible element of the ma-
trix ring

5, X6y
QY1,... ’Y"—T](le—pl,...,Yn_r—pn_T)

and hence of the matrix rings@7, . . ., Y, )% %% andIQ[Y1 — p1,..., Yn_r —
Pr_r]o % (herelQ[Y: — p1, ..., Yn_r — pn_.] denotes the formal power series
ring overiQin the variables; — py,...,Y,_ — pn—, ). With all these notations

we have the following result:

Theorem 4 ([22], Lemma 29)Suppose thaft'(Y3,...,Y;,) is a polynomial of
Q[Y1,...,Y,] having degree at modP. Suppose thaF’ is given by a straight—
line program using spacé& and time7. The coordinate function of, defined
by the polynomialF’ has a monic minimal polynomialz(T) € Q [Y3,...,
Y,,—][T] with respect to the ring extensia® [Yi,...,Y,_,] — Q [V,]. For
1 < k < r letus introduce the following, x ¢, matrix:

./\/'n_r_~_1C = Gn—rtk (USLF_)(::_)l (M), .. ,USIP(T))(M))

. -1
n(e ), P )

. Op X0
(observe thatV,,_,. is an element of) [Y7,... 7Y"—T}(le—pl,...,Yn,T—pn,r))'
Finally, let Mz € Q [Yl,...,Yn,r]?g‘,ff;l’.“’Ynﬂﬁpnﬂ_) be thed, x &, ma-

trix defined by the formulavip := F(Yy,..., Y0, Npy_ri1,...,Np) and let
qr(T) € Q[Y1,.... Yo rl(vi—p1,..Yn_r—pn_y[T] b€ the minimal polynomial of
M. Suppose thaleg, qr = deg G holds. Then we have that in

Q [Yia s 7Ynfr}(Ylfpl,.,.,Ynfrfpnfr)[T]

(and hence iQ [Y1 — p1,. .., Yn—r — pn—r][T]) the polynomialgr and g are
congruent modulo the idedl; — p1,...,Y_r — pp_r)P?t1. In symbols we
have:

qr = G modulo(Yy —p1,..., Yy p — pp_y) Pt
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By means of this theorem and of the estimatitg g < D4, ([55]) it is
possible to design a computation tree which produces a straight-line program rep-
resenting every coefficient of the polynomial(T") with respect to the variablE.

This computation tree (and the corresponding straight—line program for the coef-

ficients ofgx (7)) uses space (SrDéf) and timeO (Tr“DQ(STS).

Sketch of the construction of the computation tre€irst we compute the Jaco-
bian matrix

oFy oFy
OYp_ry1 77 0OY,
_oF, OF,
OYp—ry1 77 0OY,
and its inverse using neither divisions nor branchings (by means, e.g., of the Samu-
elson algorithm [18]). Then, we compute the polynomigls, 11, . .., gn, h, Only

using non—essential divisions, by means of a suitable homogenization procedure

(see [22], Lemma 27). Afterwards, we evaluate the given parametrization polyno-

. Q) &) : : : .
m|aISU,(fir+)l (1),... o )(T) in the companion matrid/. Now we substitute

in the given straight-line program for the polynomi&(Ys,...,Y,) the input
nodesY,,_,41,..., Y, by the rational function§"*h;“, ..., %= and compute nu-
merator and denominator of the resulting rational function
F(Yl, e Yo Q*T“, cee 97“) separately. To this numerator and denominator

we apply the same procedure as before, replacing the input dQdess, ..., Y,

. () O) . : .
by the matrlceajff;,ﬁl(M),...,vflp )(M). In this way we easily obtain a

straight—line program representation of the entries of the mattix, dividing
only by units in
QY1 . Yol (vi—pro Yo —pnr)-

Then we represent each coefficient of the characteristic polyn@midl) of the
matrix M as the quotient of two polynomials, the denominator being a unit in
QY1 .., Yo rltvi—p1,...¥u_r—pn_,)- These polynomials are given by a division—
free straight-line program inh @7, ..., Y;,—,] and we obtain this straight-line
program adding only division—free linear algebra routines ([18]) to the previously
computed straight—line program representation of the entries of the miettyix
Applying to this numerator-denominator representation of each coefficient of
gr(T) the Vermeidung von Divisioneprocedure [64], we obtain a division—free
straight-line program in QY7,...,Y,_,] which computes the coefficients of a
polynomial ofIQ[Y1, ..., Y, ][T] whichis inQ[Y1 — p1,...,Yh—y — pn—r][T]
congruent taj- modulo the idealY; — p1,..., Y., — pn_r)Po+1. From this
polynomial it is now easy to read—off the coefficientsqgf with respect to the
variableT'.

Since the quantity,, may be large in many practical situations, @?) space
requirement for the evaluation of this computation tree seems to be prohibitive
for an efficient implementation. Moreover we would also like to reduce the time
requirement of)(8¢9) of this procedure, in order to increase the range of practical
problems which can be treated by our algorithmic approach.
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For this reason we are now going to develop several linear algebra procedures
that profit from the fact that all the matrices we have to deal with are in some sense
“structured” ones. This will allow us to reduce the time—space complexity of the
subroutine we are considering here. We are now going to show that the geometric
sub—problem under consideration can be solved in spaadraticand timecubic
ino,.

4.1.1 Time-space economy in linear algebrd/e start this subsection with the
formulation of a preliminary result concerning modular computation with straight—
line programs.

Lemma 2 Let R be the polynomial rin@[Y7, . .., Y, ] and letK be its quotient
field. Let be given polynomialgT'), f(T') and g(T) of R[T]. Assume tha#(T)

is separable and monic with respect to the variableand lets := deg; q(T).
Assume furthermore that7T") and ¢(T") are coprime inK[T] and that there is
given a division—free straight-line prografhin R[T] which computes the coef-
ficients of the polynomia}(T") with respect to the variabl& and which evalu-
ates the polynomialg(7") and g(7") with respect to all variables (including’)

in spaceS and time7 . Then there exists a division—free straight-line program in
Q [Y1,...,Y,_,] = R computing a nonzero elementof R and the coefficients
of a polynomialh(T") of R[T] with degy- h < ¢ — 1 such that inR[T] the con-
dition g(T)h(T) = af(T) modulog(T) is satisfied. This straight—line program
uses spacé®(S4) and timeO((7T + §)dlog §loglog §) = O(T 6% loglog d).

Proof First we compute the coefficients of the remainders of the divisiof(
andg(T) by ¢(T) and call themf(T") and g(T') respectively. For this purpose,
we execute the straight—line prograhperforming polynomial arithmetic modulo
q(T) in each step. Each intermediate result of the computation is a polynomial of
R[T of degree at most — 1, which we represent by a vector &f.

We are now going to see how can be transformed into a division—free
straight-line progrant in Q [Y1,...,Y,_,] = R which computes the coeffi-
cients of f(T') and §(T') with respect to the variabl@. This transformation is
performed step by step along the straight-line progfarfBach addition node of
3 is transformed in the most obvious way irtaddition nodes of.

We are now going to describe the transformation of a multiplication node of
3. Letu(T) andv(T') be intermediate results ¢f and let us suppose that the
coefficients ofu(7") modulog(T") andv(T) modulog(T) are already computed by
the straight—line programd. We compute then the coefficients of the polynomial
(u - v)(T) by means of a FFT-based algorithm (see [5]) and divide afterwards
(u - v)(T') by q(T) using the Sieveking—Kung algorithm which is based on the
inversion of formal power series (see [61], [8] or [5]). This single transformation
step can be performed in spa@¢d) and timeO (4§ log 6 log log 9).

This first part of the computation, which produces the coeﬁicienfs{ﬁ‘b and
g(T") with respect to the variabl&, can therefore be performed in spa@éSo)
and timeO(7 ¢ log d log log 6). Now suppose that the coefficientsﬁn(tr) and of
g(T) are already computed. Observe that these coefficients can be stored in space
0(9).
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Then, we apply the algorithms based on Hankel matrices of [58] and [59] in
order to produce a nonzero element R and a polynomiah(T') € R[T] which
satisfy in R[T"] the conditionh(T)§(T) = o modulog(T). This can be done in
additional space () and timeO(52 log § loglog §). Finally, multiplying f(T)
andh(T)) and dividing the result by(T) in the same way as before, we obtain
the coefficients of a polynomi&l(T") € R[T] which satisfies the requirements of
the statement of Lemma 2. The complexity bounds of the lemma are obtained by
adding up the complexities of the different steps of the algorithm just described.
O

Now we state the fundamental result of this subsection (compare [2] and [54]).

Lemma 3 Let notations and assumptions be as in Lemma 2 M.die the com-
panion matrix of the polynomial(T"). Thusg(M) is ad x § matrix with entries
from R, which is invertible in the matrix ring<°>°. Let N be the matrix\V :=
f(M)g(M)~1. Then there exists a straight-line program@fyy,...,Y, ] = R
which computes in spac®(Sd) and time O((7 + J)dlog dloglogd) =
O(T 6%1og 6 loglog §) the elementy € R of the statement of Lemma 2 and the
o’—multiples of the coefficients of the characteristic polynomgialY) of N. In
particular, thesex’—multiples of the coefficients gfy (Y') are elements ok (here

Y is a new variable).

Proof From Lemma 2 we deduce that)M ) = af (M)g—'(M) = aN holds and
therefore the x ¢ matrix aN has its entries fronk.

The algorithm underlying the statement of Lemma 3 runs as follows: we com-
pute first the traces of the matrice®V, . . ., (V) and use then the Newton rela-
tions in order to produce the coefficients of the characteristic polynomialY")
of the matrixa V. Finally we compute the coefficients of the polynomjaly (oY)
which are in fact thex’—multiples of the coefficients of the polynomigh (V).

Let T be a new variable. In order to compute for< k£ < ¢ the trace
tr((aN)*) of the matrix(aN)* time—space—efficiently (i.e. avoiding the explicit
computation of the matricggv/N)* which requires spaa@(42)), we consider the
decomposition of the polynomigl(T) into linear factors over an algebraic clo-
sureK of the field K, namely the decompositiof(T") = [,.,«s(T — ;) with
o; € K.

We shall use the following representation for the deriva§i(@’) := 8‘3(TT) of
the polynomial(7):

é
(1) = T[T-a.

i=1 j#i

From the given decomposition gfT') in linear factors we infer that i [T']
foranyl < i < ¢ the congruence relation

T[T - a;) = a; [[(T — ;) modulog(T)
J#i J#i
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holds. Summing up these congruence relations, we obtain

é §
T J[T-0;) =) o [[(T - ;) modulog(T).

i=1 ji i=1 i

This implies that for any polynomial(T') € R[T] the congruence relation

P (1) =p(T) 0 TLpe(T = )
(5)
= Y0 p(ai) [1;(T — a;)  modulog(T)

holds inR[T].
This means that-(p(M)) = Z p(a;) appears as the leading coefficient of
1<i<é
the remainder of the division of the polynomial ¢’)(T") by the polynomial(T).

In particular, we deduce from the congruence relation (5) that fodaqye <
é the valueir ((aN)*) = tr(h(M)*) appears as th@ — 1)—th coefficient of the
remainder of the division ofh*q’)(T) by ¢(T') (hereh(T) is the polynomial of
the statement of Lemma 2).

By assumption, the given straight-line progrgmroduces the coefficients of
the polynomialy(T) and therefore, without loss of generality, also the coefficients
of the derivativeq’(T"). Now, applying Lemma 2, we compute in spagéSs)
and timeO((7 + 0)dlogdloglogd) the elementy and the coefficients of the
polynomialh(T") with respect to the variablg. At this moment we store only the
elemente € R and the coefficients of(T"), of ¢'(T") modulog(T") and ofh(T).
This can be done in spac¥9).

From these data we compute now in the same way as at the beginning of the
proof the following items: first we compute the coefficients of the polynomial
(h - ¢")(T) modulog(T) and store them for the next step, while we clear from
our memory space the coefficients @¢f7'). Next we compute from the coeffi-
cients of(h - ¢')(T) modulog(T), h(T) andq(T) the coefficients ofh? - ¢')(T)
modulog(T), while we clear from our memory space all coefficient$/ofy’)(T),
except thed — 1)—th one. We proceed in this way duridguccessive steps, the
computation of the coefficients @f. - ¢')(T") modulo¢(T") and of (h? - ¢')(T)
modulo ¢(T") being the first and second one. Let< k£ < ¢. In the k—th step
we compute the coefficients 0k* - ¢')(T') modulog(T") from the coefficients of
(h¥=1.¢")(T) modulog(T). Then we clear from our memory space all coefficients
of (h¥=1 . ¢")(T) modulog(T), except thgd — 1)—th one. In casé < k < J we
proceed to compute then in the same way the coefficier(ts"df - ¢’) (7)) modulo
q(T).

During this procedure only the elemeantand the coefficients of the polyno-
mialsh(T"), ¢(T') are stored permanently, while for< & < § only the(§ — 1)—th
coefficient of the polynomialk*¢)(T") modulog(T') is computed (and stored). As
we have seen before, these coefficients are the eleméntd’), . .. tr ((aN)°).
Obviously this procedure can be performed in additional sga@g® and time
0O(6%1og §loglogd).
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Fromtr(aN),...,tr ((aN)?) we obtain the coefficients of,n (7) in addi-
tional constant space and tinig¢) by means of the Newton relations. The co-
efficients of x,n (aT") are now easily computed multiplying the coefficients of
Xaon (T') by suitable powers ak. Again this can be done in constant space and in
time O(§). Summing up the complexities of all these steps, we see that our proce-
dure yields a straight—line program for the desired output, which can be evaluated
in spaceO0(S§) and timeO((7 + 6)dlog §loglog§) = O(T 6% log dloglog d).
O

4.1.2 The Newton—Hensel iteratioriThe just proved Lemma 3 is the key algo-
rithmic result we are going to apply to the Newton—Hensel iteration procedure de-
scribed at the beginning of this section. First of all, we establish a suitable version
of the Vermeidung von Divisioneprocedure of [64], with the following refined
complexity bounds:

Lemma 4 LetF := {Fy,..., F,,} be afinite set of polynomials Y7, ..., Y},]

of degree at mosf, computed by a straight—line prografhin spaceS and time
7. Assumery # 0 and thatF, dividesF; in Q [Y1,...,Y,] foranyl <i < m.

Then there exists a straight-line program that computes the polynomials

F F,
it ey Py = FOL

in space0(S¢) and timeO ((7 +log §)d log 6 log log §) = O(7 §log?s log log §).

Proof This proof is an adaptation of an idea of [42]. Let be given an integer point
v = (71,...,7v) € Z" such thap := Fy(v) # 0 holds (observe that, using the
Zippel-Schwartz test, such a point can be found, e.g. in the hypeftubg™ N
7", at an average cost of spaSeand time27).

Forl <i < m,letuswriteG;(Y1,...,Y,) := F;(Y1+71,..., Yo +7,) . One
easily sees that the polynomiB)(Y; + v1,..., Y, + ) = datmeYutyn)

! Fo(Yi+71,,Yn+vn)
can be computed as the sum of the first 1 homogeneous components of the

k
polynomial% Zi:o (”‘—f") . Note that this latter polynomial can be evaluated

by means of a straight-line program in spades) and timeO(7 + logd).

For the decomposition of a polynomial given by a straight—line program into
its homogeneous components we follow an idea of [47], which reduces the task
to polynomial arithmetic in Qv3, . .., Y,,][T] moduloT°+!. Applying FFT-based
polynomial multiplication (see [5]), we obtain a straight—line program that per-
forms theVermeidung von Divisioneprocedure using spad@(S¢) and time
O((T + log d)d log o loglog 5)), just as claimed in the statement of Lemma 4.

0

We are now going to show a technical lemma which we need for our analysis
of the Newton—Hensel iteration.

Lemma 5 LetR be the polynomial rin® Y7, . .., Y,,—,] and letK be its quotient
field. Lets be a straight-line program i@ [Y7, ..., Y, _,] = R that computes the
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coefficients of two univariate polynomial$éT’), ¢(T) € R[T] with ¢(T') # 0 in
spaceS and time7 . Letw(T),v(T") be two coprime polynomials df[7] and
assume tha% = 2 anddegru = ¢ anddegrv < ¢ holds and thatu(T') is
monic inT. Then, there exists a straight—line program@{Y7,...,Y,—,] = R
that computes a nonzero element R and ay—multiple of the coefficients af
in spaceO(S + §) and timeO(7 + 42 log § loglog d).

Proof Using the Zippel-Schwartz test we may assume by the same argument as
in the proof of Lemma 4 that there is given an elemenf Q with ¢(¢) # 0.
Letw(T) = T + us_1T°~ ' + - 4+ up with us_1,...,uo € K. Following [5,
Remark 2.9.1] we consider the power series representation of the rational function
v((T—t)’l)
(T—tyu((T-1)-1)

U((T—t)*1> - q((T—t)fl) 7+OC i
T (Y R vy P L

Then, by [5, Proposition 2.9.1], we have the following identity:

with respect to the variabl@” — ), namely

ho hl h5_1 (%) hé

h1 hg e h5 uy h5+1

o . == . ©)
hs—1 hs ... has—2 Us—1 has—1

Without loss of generality we may assume 0 and hencéhg, . .., hos_1) #
0. Now we apply the algorithm of Sieveking—Kung in order to compute in ad-
ditional spaceO(s) and timeO(élog” § loglog §) an elementp € R and for
v := p® ay—multiple of the firsé coefficientshy, . .., hos_1 Of (6) . Notice that
the solution(uy, . . ., us—1) of the linear equation system (7) does not change if we
substitute the elements, . . . , hos_1 by their nonzero multipleshy, . . ., vhos_1.
Since the matrix appearing in (7) is of Hankel type, we can solve the system (7)
applying the technique of linear recurring sequences in additional $p@geand
additional timeO (52 log 6 log log §) (see e.g. [59]). In order to avoid divisions by
elements of? we can modify slightly this classical algorithm and obtain as result
a nonzero element of R such thatyuy, ..., yus_1 are elements oR forming a
solution of the system (7).0

Let us now turn back to the situation at the beginning of this section. We re-
take the notation and the assumptions introduced at this place. We attack now
the main task of this subsection by the design of an algorithm which performs
o = |log(D¢, )] + 1 iterations of the Newton—Hensel operator in space and time
which are, roughly speaking, only quadratic and cubig,in

Theorem 5 Let notations and assumptions be as at the beginning of this section.
The coefficients of the minimal polynomigt € QIY3,...,Y,_,][T] satisfy-
ing the conditiongr(Y1,...,Yn_, F) € (Fi,..., F,) can be computed from a
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given geometric solution of the lifting fib&f>., by a straight—line program in
Q[Y1,...,Y,_,] using spaced(SrDs?) and timeO((TrD + r*)Dd? log® §,
log? log 5T).

Proof We follow the strategy of [22] as outlined in the Introduction, applying for
this purpose the procedures described in the proofs of Lemma 3 and Lemma 4.

Using a linear space straight—line program version of Samuelson’s algorithm
for the computation of the determinant (see [18] or [1]), we first compute without
divisions numeratorg,, .11, . . ., g, and a denominatdr of the rational functions
gnril .., 4= whichrepresentthe = [log(Dé,)|+1 iterations of the Newton—
Hensel operator. Following the general lines of [22, Lemma 27] this can be done
in spaceO(Sr) and timeO ((Tr + r*) log(D4,)).

Let us denote byg!” . (T),...,g(T),h")(T) the polynomials of

Q[Y3,...,Y,_.][T] resulting from the specialization of the variab¥s , 1, ...,

Y,, occurring in the polynomialg,,—+1, . . - , gn, b into the “parametrizing” poly-

nomiaISv(F:(T)) T 7...,v,(LP(T)) T) of the lifting fiberVp . In Subsection 4.1 we
n—r+1

have shown that the matr?x(v,(fi(rﬁl(M), e uflp( >)(M)) we obtain specializ-
. . . . . ™)
inginh(Yy,...,Y,)the variable&},_, 1, ...,Y, into the matrices'” .+)1(M),

(
P n—r
c ofF )(M) represents an invertible element of the matrix ring

Q[Yi,... 7Yn,r}‘gryff;lVH}Y,H_W?H) (recall that)M! denotes the companion ma-

trix of the polynomial ") (T)). This implies thath()(T) is a unit in
()
Q[Y1,... 7Yn—r}(Y1fpl,.-.,Ynﬂ-fpnfT»)[T]/Q(P )(T)-
Now we consider inl QY1,...,Y, ](vi—pi,...¥n_r—p._)[T] the rational
function

(r) T) (r) T
O F (.. v, fooen@) g (D)
f < 1 sy In—r, h(r)(T) ) 7h(r)(T)

modulo the polynomial®"”)(T). For this purpose, we compute the homoge-
neous decomposition

d
ZF/C(Y17 s 7Yn7T7Yn77‘+17 B ;Yn)
k=0

of F(Y1,...,Y,), whichwe consider as a polynomial in the varialies ;.1 1, . . .,

Y, with coefficients from QY1, ..., Y, _,]. This decomposition can be computed
by means of the procedure described in the proof of Lemma 4 using §[i&de)
and timeO(7 D log D log log D). Considering in

Q [Yia - 7Yn—r}(Ylfpl,.,.,Ynfrfpnfr)[T]

the following identities:
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(r)
r 9y _r 1(T) ELT) T
f( ) :F(Yl,..n,yn”" h(TT(T) 7...’Z(T>ET;>

(r)
D 9y i1 (T) ()
=i o Fk (YI, S A h(,,,)+(1T) Z("')(T)>

D Fk‘ (Yla sy Yn—?ﬁgg:‘_)r_i,_l(T)v cee 7g'$LT)(T))
(n) ()"

r r . D—k
N0 B (Y Yo g (D), g(D)) (1O(D))

(h)(1))"”

we conclude that the numerator and denominator of the rational fungtidrcan
be computed in spaae (8(7‘ + D)) and timeO ((TrD +rt) log(Dd,.)) using
only divisions by nonzero elements bf.Q

Since by construction the polynomialé™ (7)) and ¢(*"")(T") are coprime
inQ (Y1,...,Y,,)[T] we are able to apply the procedure described at the be-
ginning of the proof of Lemma 2 in order to compute a polynonfigl (T') €
Q[Y1,...,Y,,][T] of degree inT at most §, — 1 and an element
a € Q [Y,...,Y,_,] satisfying in IQY3,...,Y,_,][T] the condition
K(T)P (T = ag(T) modulog®™)(T), with

9T = > BV, Yoo gy (1), g(T)) - HO(T)PH

1<k<D

Thuswe havein Q¥1,.... Yo | (v, —p,....v,_,—p,_,) [I'] the congruence relation
FO(T) = af ™) (T) modulog ™" (T).

Since M is the companion matrix of the polynomigi” ) (T), this implies
with the notations of Theorem 4:

FOM) = af (M)
= QF(Yla"'ayn—TaNn—T‘-i-l?"'7NTL) :
=aMp

The polynomialf () (T') and the element can be computed by means of a
straight-line program in spa@(S(ST(rJrD)) and timeO((TrD+r4)5§ log? d,
log log 6T) .

We have shown thatM = f(") (M) holds. Therefore using a similar proce-

dure as in the proof of Lemma 3, we are able to computexfhenultiples of the
coefficients of the characteristic polynomiT") := xam, (T) of Mg in space
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O(&ST(r + D)) and timeO ((TrD + 7462 log? 4, loglog 6r). Thus, let us as-

sume that the coefficients of the polynomidly - (7") are now computed.

Since the matrixMr is diagonalizable, it suffices to clear from the char-
acteristic polynomialy(7") of Mp the multiple factors in order to obtain the
minimal polynomialGr of My (recall the notations of Theorem 4). Therefore
the monic numerator of the irreducible representation of the rational function

T O (T) . - . . .
)’(f,((T>) = #,((T)) is in fact the minimal polynomiafj(7) of the matrix M.

Now, applying Lemma 5 to the rational functiqi#j;’ﬁ(TTT)) we compute an element
v € R and ay—multiple of the coefficientsy, . . ., ageg(q,) Of the minimal poly-
nomial gr of Mg, such thatyao, . .., Vageg(qr) are elements ofz. This can be
done in spacé(Srd,) and timeO ((7rD + r*)§2 log? 4, loglog d,.).

Taking into account the congruence relation

qr = gp modulo(Yy — p1, ..., Y p — pp_p)P?"

in Q[Y3,...,Y,_.][T] (see Theorem 4) and the fact thiiig g» < D¢, holds

(see [55]), we deduce that far < k£ < degqr the power series expansion of
the k—th coefficienta; of the polynomialjr- equals to thé&—th coefficient of the
polynomialgy. Since the polynomialsao, . . ., Yadeg(qr), ¥ € Q[Y1,. .., Yn_r]

are already computed by a division—free straight—line program, we are finally able
to compute the polynomialgy, ..., dgeg(qr) € Q[Y1,...,Yn—r] by means of
Lemma 4. This can be done in spacéSDré,) and timeO((7rD + r*)Ds?

log® 8, log? log 6T). O

Remark 1In caser := n — 1, when the algebraic variefy,. = V,,_; is a curve,
the algorithm underlying Theorem 5 outputs in fact the dense representation of the
polynomialgg(T) € Q[Y1,T).

Proof In caser := n — 1, whenV,. = V,,_; has dimension one (i.4/. is a
curve), we have a Noether normalization of the farmi§d — Q [V,,_1]. We ob-

serve that the algorithm underlying the proof of Theorem 5 computes the elements
Yag, . . ., Yadeg(qr), > Which are in fact univariate polynomials bf @ |. Then the
Vermeidung von Divisiongorocedure computes the power series expansion of the
rational expressioné%, cee % up to degreeD$,, 1, producing thus the
dense representation of the coefficients of the polynomi&l”) with respect to

the variableT’. Therefore, the algorithm underlying Theorem 5 outputs the dense
representation of the polynomigd € Q[Y1,7]. O

We apply now Theorem 5 and Remark 1 to a particular case. This application
will be used again in Subsection 5.1.

Remark 2Let us consider the curve
WP(7‘+1) = er N {Yl =P1y--- 7Yn7'r71 = pnfrfl}

as a subvariety of C'!. Let ¢ € Q[Y3,...,Y,] be a linear form such that
6, Yy _ri1,..., Y, are in Noether position with respect to the cuivg.+1) and



32 J. Heintz et al.

such that/ plays the éle of the free variable. Assume that there is given an ele-
menta € Q such that the variety, , := Wpe+1y N {€ = a} is a lifting fiber

of Wp+1). Assume furthermore that there is given a geometric solution of the
variety V;,,, represented by polynomiags®®, v“% .. o' ¢ Q[T], i.e. we
assume that the following identity holds:

Vea = {(vff_’? (u),... mﬁf’”(u)) et gt (u) = O} .

Let be given a polynomiaF € Q[Y1,...,Y,] of total degreeD by a straight—
line programy in Q[Y7,...,Y,]. Let f be the coordinate function induced by the
polynomial F' on the curvelWp-+1). Then we can apply Theorem 5 in order to
compute the projection aof along the “line”?, i.e. the minimal (integral) depen-
dence relationnr € Q [¢][T] satisfied by the coordinate functigh This can be
done using as input the straight—line prograrmomputingF' and the given geo-
metric solution ol ,. We shall call this procedutiting the projection off’ from
Voo 0 Wpriny.

SinceWp-4+1) is a curve, we deduce from Remark 1 that the procedure of
Theorem 5 outputs théenseepresentation of the polynomialr € Q[¢, T'.

The technique of lifting a projection from a zero—dimensional variety to a curve
is fundamental for the main algorithm of this paper. This technique was indepen-
dently discovered and applied in [29].

4.2 An efficient Shape Lemma

This subsection will be devoted to the description of an efficient algorithm for the
following task:

Let be given a natural numberand let be given (by their coefficients) three
nonconstant and separable polynomidlsy,h € Q [T] of degree at most.
Moreover, let be given a nonzero element Q . Suppose that the linear form
u(X,Y) := aX+Y separates the points of the zero—dimensional vafiétyy) €
C? : f(z) = 0,9(y) = 0} and that the variety¥ := {(z,y) € C? : f(z) =
0,9(y) = 0, h(ax + y) = 0} is nonempty. The task consists in the computation of
a geometric solution of the zero—dimensional variéty

In many elimination procedures this task appears only for the speciakcase
0, while the required output is the geometric solution of the vari&tynduced by
the linear formu (X, Y) (see e.g. [24], [42]). In [42] for instance, this task is solved
by linear algebra computations.

From a practical point of view, this approach has the drawback of introducing
additional (extraneous) points, producing in this way a quadratic growth of the
size of the appearing matrices and hence also a quadratic excess of the space and
time complexity of the algorithm. In this way, the corresponding subroutine of the
elimination procedure under consideration contributes with an additional quadratic
growth to the overall complexity of the procedure.
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In order to overcome this undesirable effect, we reformulate the original algo-
rithmic task in the above indicated way: instead of considering zero—dimensional
varieties given only by two polynomial§(X) andg(Y) in two separate variables
and a linear formu(X,Y") as in [42], we introduce an additional condition given
by the polynomiak(u(X,Y")), which eliminates the extraneous points.

In order to solve the task described above, it suffices to find a polynomial
v(T) € Q [T] of degree at most — 1, such thatX — v(u(X,Y’)) vanishes on
the whole variety. Let us remark that the procedure of [42] computing such a
polynomialv(T') requires spac®(4*) and timeO (%), and this is unfeasible for
our algorithmic aim. Therefore, we redesign the effective Shape Lemma version
of [42] in such a way that a quadratic complexity growth can be avoided. The
following result represents the effective Shape lemma version we are going to use
in the sequel (see Theorem 6 and Proposition 1 below).

Lemma 6 Let R be an integrally closed domain of characteristic zero which con-
tains the fieldQ of rational numbers. LeK be the fraction field of? and let K

be an algebraic closure ok’. Let W c K? be a zero—dimensional variety and
letd := degW = #W. Letf € R[T] andg € R[T] be two nonconstant and
square—free polynomials of degree at médtloreover, let be given a nonzero el-
ementy € Q and assume that the linear form:= o X + Y separates the points
of the varietyW, := {(z,y) € K? : f(z) = 0,9(y) = 0}. Suppose furthermore
W C Wy. Finally leth € R[T] be the minimal polynomial of the coordinate func-
tion of W induced by the linear form. Assume that the polynomiaf$7"), ¢(T')

and h(T) are given by their coefficients iR. Then there exists a nonzero ele-
mentp € R and a polynomial(T) € R[T] of degree strictly smaller than,
such thatp X — v(u(X,Y")) vanishes on the whole variely/ and such thap and

the coefficients of(7") can be computed by means of an essentially division—free
straight-line programg in R using space(62) and timeO(5° log? & log? log 9).

Here by “essentially division—free” we mean titatontains only divisions by
nonzero elements of Gurthermore let us observe that the polynom{@r) of the
statement of Lemma 6 is uniquely determined up to scaling by nonzero elements
of R. This means that there exists exactly one polynom(@l) € K[1'] of degree
strictly smaller thary with X — o(u(X,Y")) vanishing on the whole variety’
and that this polynomial is preciselyT’) := %U(T).

Proof of Lemma 6- LetW := {v1,...,7v5} with v, = (s, 3;) € K? for
1 < ¢ < 6. By assumption the polynomidl(«(X,Y")) vanishes on the whole
variety W andh(T) is the polynomial inZ" of minimal degree having this prop-
erty. Sinceu(X,Y’) separates the points of the varid, (and hence also the
points of W) and from the minimality of the degree bfT'), we concludé:(T") =

H (T — u(7;)) anddeg h = deg W = 6.
1<i<é8

From the assumption that the linear foertlX, Y') separates the points of the
variety W and fromd = deg W one easily deduces the existence of a uniquely
determined polynomial(7") € K[T] of degree strictly less thansuch thatX —
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o(u(X,Y)) vanishes on the whole variefy’ (this is the standard form of the
Shape-Lemma, see e.qg. [43], [46] and [30]).

Fix for the moment an arbitrary index< i < 4. We show first the following
statement:
Claim: The greatest common divisor (gcd) of the polynomiéls\) and
g(u(v;) — aX) of K[X] is the linear form X — @(u(y;)) (in symbols:
X = 0(u(7i)) = ged(f(X), g(u(vi) — aX))).

Proof of the ClaimSince the polynomiak — 9(u(X,Y")) vanishes on the variety
W, we deduce from(a;, 5;) = v € W the identitya; — 9(u(v:)) = i —
0(u(ay, B;)) = 0. Moreover we havef(«;) = 0 and byu(y;) = aa; + §; also
g(u(yi) — aa;) = g(B;) = 0.

The identitya; = 9(u(y;)) implies now thato(u(~y;)) is a common root of
f(X) andg(u(y;) — aX). Therefore the linear forrX — o(u(~;)) divides the
greatest common divisor of these polynomials. In order to finish the proof of the
Claim, it suffices to show that(u(+;)) is the unique common root gf(X) and
g(u(;) — aX) (recall thatf (X) is by assumption square—free).

Let x € K be any common root of these polynomials. Then, the pdint
(1, u(7y;) — ap) belongs to the varietii/y, defined by the polynomialg(X) and
g(Y). Since by assumption the linear fora{X,Y) = aX + Y separates the
points of the variety;, we deduce from the identity(y) = wu(y;) thaty = ~;
holds. This finishes the proof of the Claim.

From the statement of the Claim we deduce immediately that ] the
identity

F@ = I @-vut)

1<i<§

1T ged (F(T), g(u() - oT))
1<i<6
holds.

This implies that the first principal subresultaft(u) € K[u] of the Sylvester
matrix of the polynomialsf(7T") andg(u — «T") does not vanish on any root of
h(u) (here we treat the linear form as an indeterminate). Therefore the residue
class ofP; (u) in K[u]/(h(w)) is a unit.

Taking into account that the variety’ is contained in the varietyl; (de-
fined by f(X) and¢(Y)), that the linear formu(X,Y") separates the points of
Wy and that by definitiork(7") is the minimal polynomial of the coordinate func-
tion of W induced by the linear formu, one easily sees that the varidiy is
definable by the equation&(X) = 0,9(Y) = 0,h(u(X,Y)) = 0. Let] :=
(f(X),g(Y),h(u(X,Y))) be the ideal generated by these polynomial«iX,
Y']. Since by assumptiofi(X') andg(Y") are square—fred, is radical and hence
the vanishing ideal of the variety’'.

Therefore the polynomiak — o(u(X,Y’)) belongs to the ideal = (f(X),
g9(Y),h(u(X,Y))) (recall that this polynomial vanishes on the vari&t). This
implies that there exist polynomiai$ X ), s(X) of K[u]/(h(u))[X] such that in
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this polynomial ring the identity
X —o(u) = r(X)f(X) + s(X)g(u — aX) (8)
holds. Without loss of generality we may assume
degx r < degx (g(u — X)) — Landdegy s < degx (f(X)) =1  (9)

Since the residue class & (v) in K[u]/(h(u)) is a unit, the coefficients of
r(X) ands(X) are uniquely determined by the identities (8) and (9).

If we are able to find polynomials(X), s(X) € K[u]/(h(u))[X] satisfying
the identities (8) and (9) we easily obtaifw) as the constant term of the polyno-
mial

r(X)F(X) + s(X)g(u — aX)

in K [u]/ (h(u)) [X].

In order to compute the Bezout identity (8) subject to condition (9) we use the
algorithms of [59] or [16]. These algorithms return as output a multiple) of
the Bezout identity (8), namely a representation

w(u)X — o(u) = 7(X) f(X) + 5(X)g(u — aX), (10)

with polynomials #,5 €  K[u]/(h(u))[X] having degree at most
degy (g(u — aX)) — 1 anddeg (f(X)) — 1 respectively andv(u), d(u) be-
longing toK [u]/(h(w)). Without loss of generality we may assume thét:) and
©(u) are polynomials in the variable (i.e. elements of[u]) which are reduced
moduloh(u). If ged (w(u), h(u)) = 1 holds, we can inverto(u) modulo h(u)

in order to satisfy conditions (8) and (9) with(u)o(u) = ©(u) modulo h(u).

If ged (w(u),h(u)) is a nonconstant polynomiad; (u) of Ku], we claim that

w1 (T) dividesd(T'). Since the polynomiak(T') is separable and (T") divides
this polynomial, we conclude that; (T') is separable too. Thus,if; (T") does not
divide 9(T'), there exists a root of w; (T") with o(7) # 0. Sincew;(T) divides
WMT) =] <;<s(T —u(7;)) there existd < i < § such that the root is of the
form u(y;). Thus, we havev(u(y;)) = 0 andd(u(vy;)) # 0. Sinceu(ry;) is a root

of h(T) we may “specialize” in identity (10) the residue classuahoduloh(u)

into the valueu(~;). Doing this we deduce from (10) that the polynomi(sY)
andg (u(;) — aX) are coprime, which contradicts the statement of the Claim
above. Thusw(T) = ged(w(T),h(T)) divideso(T'). This allows to compute
the polynomialo(u) of the identity (8) in an analogous way as before from the
0(u)

wi(u)

The computation of the polynomial(u) satisfying conditions (8) and (9)
above can be done (5% log § log log §) arithmetic operations it [u]/ ((u))
using space)(d). Performing these arithmetic operations by FFT-based algo-
rithms as in [5], we obtain a straight—line prograhin K (containing divisions)
which computes the coefficients of the polynomi&l’). Computing numerators
and denominators iA separately, we get an essentially division—free straight—line
programg in R which computes a nonzero elemene R and the coefficients of
a polynomialv(T') € R[T] of the same degree &$7") such that%v(T) = o(T)

polynomial
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holds. Itis now clear thgiX —v(u(X,Y’)) vanishes on the whole variety, and
that 5 has essentially the same space and time complexiy @husj satisfies
the requirements of Lemma 60

4.3 Lifting of a zero—dimensional fiber

In this subsection we shall develop an algorithm which, given a geometric solution
of the lifting fiber V() as input, computes a geometric solution of the algebraic
variety V,. as output. For this purpose we shall follow the strategy of [42], in com-
bination with our tools developed in Subsections 4.1 and 4.2.

In the sequel we shall use the following notations and conventions: let be
given the linear formJ(") .= AﬁflTHYn,TH 1+ .-+ My which induces
a primitive element ofV») (and hence of the integral Qalgebra extension
Q[Y3,...,Y,—,] — Q [V;]) and let be given the coefficients of the polynomi-

r (r) (r) . . .
alsqP ™) o) WP € QT introduced in Subsection 4.1 for the rep-

resentation of a geometric solution of the lifting fibég.,. Following [42], we

define forl < j < r linear formz{"” := U — A\ | ¥,_,.; and denote

by (j;r) € Q [Y1,...,Y,—.][T] the minimal polynomial of the coordinate func-

tion of V, induced byZ;. Furthermore, let us denote h§) andq\”, ... ¢ €

Q[Y1, ..., Y,_.][T] the minimal polynomials of the coordinate functiongfin-
duced by the linear form& (™) andY;,_, .1, ..., Y. With the notations of Lemma
6 above, letR := Q[Y3,...,Y, ], K := Q (Y1,...,Y,_,) and letK be an
algebraic closure oK. In the proof of Theorem 6 below we are going to apply for
eachl < j < r the algorithm underlying the statement of Lemma 6 to the zero—
dimensional algebraic varier(T) ={(y,2) € K%: q](r) (y) =0, cjj(.r)(z) =0}.
Under the assumption that the coefficient vector of the linear foffi sat-
isfies a certain genericity condition, it was shown in [42, Proposition 29] that a

Shape—Lemma-like representation of each algebraic va}iii’éffl, cee w" pro-

duces “parametrizing” polynomials pfflTHYn,TH - UT(LT—)TH(T)» e
Py, — v,(f)(T) of Q[Y1,...,Y,_,][T] required for a geometric solution of the

variety V,. (here we use the coordinate functiongfinduced by the linear form
U as a primitive element with minimal polynomigl”) (T)).

Therefore, the problem of computing a geometric solutiorV,ois reduced
to the following two tasks: the lifting of a projection (in the sense of Subsection
4.1) and the computation of a Shape—-Lemma-like representation (in the sense of
Subsection 4.2). These two tasks are solved in Theorem 5 and in Lemma 6. The
next result will illustrate this idea.

Theorem 6 Let notations and assumptions be as before. In particular, let be given
a linear formU") € Q [Y,,_,41,...,Y,] inducing a primitive element of the
lifting fiber V(. Then there exists a straight—line program@iYs,...,Y,_.],
computing from (the coefficients of) a given geometric solution of the lifting fiber
Vi and the given linear forni/ (") the coefficients of a geometric solution of
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the algebraic variety/,.. This straight—line program uses spadéSr4§?2) and time
O((Tr% +1°)8? log® 6, log” log ;).

Proof Assume that there is given as before a geometric solution of the lifting fiber
V. Applying Theorem 5 we are then able to compute the coefficients of the
minimal integral dependence relatiof® (7)), ¢\ (T), ..., " (T),&"(T), . ..,

") (T) of the coordinate functions &f. induced by the linear forms ™. Y;,_,.,,
,...,Y, and Zf”, ...,Z"  Then, forl < j < r, we apply Lemma 6 to the
zero—dimensional varieth(T) and the polynomialg (", qj(f) and (jy) in order

to compute the coefficients of a polynomial having the fqr,}ﬁ,.HYn,rﬂ —

o)) € QL. .. Yo J[T] with p{” . # 0 anddegy v, , (T) < &y,

such that/™, ¢™)(T) andp'”), Vo1 — ol (1), ..., Y — ol(T)
form a geometric solution of the variety..

From the complexity estimates of Theorem 5 and Lemma 6 we deduce now
easily the complexity statement of Theorem

Theorem 6 has its own interest. Unfortunately, in the sequel we shall not be
able to apply Theorem 6 directly since we have no control over the coefficients
pfflﬂrl, ..., p”) produced by the application of Lemma 6 in the proof of Theorem
6. Therefore, we shall only apply Lemma 6 and not Theorem 6 in the future.

4.4 Minimal equations: stepping downwards on the lifting fibers

In Subsection 4.1 we have already met the task of computing a minimal integral
dependence relation ih @1, ...,Y,_,][T] for the coordinate function of,. in-
duced by a given polynomidl’ € Q[Y3,...,Y,]. In the present subsection we
describe an efficient algorithm for the following task:

Letl < r < n.Given a geometric solution of the lifting fib& (- of V., com-
pute the coefficients of the minimal equationiI’] of the coordinate function of
the lifting fiber Vp-+1) induced by the linear forri, ..

Below we present two lemmas deducing finally from them Proposition 1 which
says that, under the assumptions of Theorem 3, the coefficients of the minimal
equationmy, . € Q [T] of the coordinate function oFp.+1) induced by the
linear formY,,_,. can be computed by a straight-line program in sga¢srds?)
and timeO ((Tdr + r*)ds? log® 6, log” log ;).

Applying the Zippel-Schwartz test in the same way as in Section 3, we deduce
from Theorem 3, that by a random choice of the coefficie)tfft'_)er, A the

linear formU(") = Aff_)THK,,_rH 4+t /\Sf)Yn happens to separate the points
of the m,.—fiber of ther,—image of each point of the lifting fib&ry-+1). Assume
from now on that the linear fori (") has this property.

Let us consider again the curve

WP(“rl) =V N {Yl =DPi5--- 7Yn—r—1 = pn—r—l}
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introduced in Remark 2 and observe thtp11, is defined by the polynomials
F(Y,....Y), ..., Fo(Yh, ... ), Ye — pi™™ v, — pUtD  which
form a regular sequence In[@, ..., Y,].

The variabled7, . .., Y,, are in Noether position with respect to this complete
intersection curve, the variablé, .. being free. Therefore the canonical homo-
morphismIQ[Y,,—,] — Q [Wp+1)] represents an integral algebra extension.
MoreoverIQWp(-+1 ] is a freelQY;,_,.]-module of ranig,..

Let us denote by.(") andy,,_, the coordinate functions of the curVBp- 11
induced by the linear form& (™) andY;,,_,. Let us fix for the moment aarbitrary
pointP = (p1,...,Pn—r—1,Qn—p,..., ) € C™ of the (nonempty) lifting fiber
T (PU+Y) = Vpipn). Let us consider the fiber

ol m(P) = (PPt

= V;" N {YI =P1y--- 7Yn7'r71 = Pn—r—1, Ynfr = anfr}

which is defined by the polynomiald(Yy,...,Ys),..., Fr(Y1,...,Y,),
Yi —DP15---, Yn—r—l — Pn—r-1, Yn—r — Qp—p of CD/L ceey Yn]

From Theorem 3v) we deduce that the Jacobian of these polynomials van-
ishes nowhere on, ! (r,.(P)). This implies that the canonica-@lgebra homo-
morphism

C[Yla s 7Y7L—7'](Y1 D1y Yn—r—1—Pn—r—1,Yn—r—Cn_r)
!
C[Yl’ T Y"*T](Y1 —pl,-~~7Yn7T71—Pnfrfhynfr—anfr)[YH*TJrla cey Yn]/
(Fy,..., F)
(11)
is unramified and hencétale (recall that 07, ...,Y,]/(F1,..., F,) is a free
dyi,...,Y,_.J-module of rank,). Therefore we conclude thgtr, ! (r,.(P)) =

o, holds.

Observe that the set ! (7,.(P)) is contained in the curv®/ 5(-+1), and that
7, Y(m.(P)) is the fiber of the finite morphism,,_, : Wpey — Clin the
pointa,,_, € C (in symbols:r ! (7, (P)) = y,,*,(an_,)). Recall that, by con-
struction, the linear fornt/ (") separates thé&. points of the fiber, ! (a,_,) =
7, (7. (P)) and thatl QW p(-+1)] is a freelQY,,—]-module of rank,.. This im-
plies that:(") is a primitive element of the integrak@lgebra extension[@, .| —
Q[Wpen)].

Let, as in Subsection 4.3, the polynomigl) € Q[Y1,...,Y,_,][T] repre-
sent the minimal integral dependence relation of the coordinate functidf of
induced by the linear forrV(") and let us denote by € Q[Y1,...,Y,_,] the
discriminant ofg(") (T') with respect to the variablg. Let """ (v;,_,.. T) :=
" (p1,....pn—r—1,Yu_r,T). Then the polynomialg™F ") belongs to
Q[Y,,—.][T] and represents the minimal integral dependence relation of the prim-
itive elementu(™ € Q [Wp+1)] over Q [Y,_,]. Observedeg P =

r p(r+1)
degp ¢ ) =§,.
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Observe furthermore that the coordinate functigps,, u(") € Q [Whin]
define a morphism of algebraic varieties which m#ps;-.1, onto the plane curve
defined by the polynomial™*""")(Y,,_,, T). This morphism is finite and has a
rational inverse which may be given by a geometric solution of the ddfye 1),
with the free variabld’, _, and primitive element induced by the linear fotA).

In the proofs of the next two lemmas we shall makguaely mathematicalise of
a particular geometric solution &+, which we shalhotcompute.
Observe firstthat™" ") (Y, _,) 1= p) (p1,..., pur—1,Yn_) € Q¥s_,]

is the discriminant of the polynomia)™*""")(Y,,_,, T) with respect to the

. . . (. p(rtD)
variableT'. Let us now consider (but not compute) polynomraﬁfsf:+1 ), cee

o™ € Q[Y,_,, T) which are uniquely determined by the condition

(Fl(pY“),... T YY),

yPn—r—1»

FT(pl) AR apn—'r‘—lv }/H—T‘a ce }/"))p('*P(T-Fl))(Yn_T) -

P N (D PPy
= (q( P )(Yn—mU( ))7p( P )(Yn—7')Yn—7'+1 _Ui_l:_g_l )(U( ))7

PP =P ) 12

p(T.P(T+l))(Yn_
Thus, the linear forn/(") and the polynomiale™*"*") € Q [v,,_,] and

r41 T " ) T "
P, o), o () € QY]] represent par-

ticular geometric solution of the curvid’p-+1) in the sense of the Introduction.
This geometric solution induces in the most obvious way a “reduction” isomor-
phism which maps the “rational functian Qn,r)—algebra”IQ(Yn,T)®Q[Yn7T]
Q [Wpean] of Wpea1y onto the “rational function! Q (Y,,—.)—algebra”
QY )[T)/ (g™ (Yo, T)) of the curve{q™ """ (V,, ., T) = 0} con-
tained inIC. This isomorphism leaves the field(,_,.) fixed.

We are now going to analyze this isomorphism more closely. For any polyno-
mial F' € Q[Y1,...,Y,] inducing a coordinate functiop of Q [Wp(11)] let us
write

(r,P(T+1))

7 nor—1__ Yn—rT)
F::F<p17~~'7pnr1aynrvv G

P“”P(Hl))(Yn_r) )

(r, P(r 1))

Un (Kl—T’T)

c o | € QY- T
’ p(np(r+1)>(ynir) [ n T]p(TTP(T+1))(Yn77‘)[ ]

and let us writep for the residue class df in
P P+
Q [Ytn—'r]p(,,-,p(ﬂrl))(Yn_r) [T]/(q( P )(Yn—r) T)) .

Observe thaf’(y,,_,, u(")) and¢ define rational functions of the curvéBp 1)
and{q™""") (Y, _,.,T) = 0} respectively.

In the sequel we shall denote by ; the coordinate function of @V p-11)]
induced by the polynomiak,.;; € Q[Y1,...,Y,] and we shall writef,. 1 (Y;,—,
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T) == Fry1(Y_r, T). ThUS fr i1 (yn—r, u"™V) and ¢, ; define rational func-
tions of the curve$V p-+1 and{qF"")(Y,,_., T) = 0} respectively.
Let us observe

VP('r'+1) = V;"+1 N {Yl =P1y-- s Ynop1= pnfrfl}
=V.N {F7‘+1(Y17 ) Yn) =0,Y1=p1,...,Ynp1= pn—r—l}

= WP(T+1) O{Fr+1(Y1,...,Yn) = O} .

In particularVp (41 is a zero—dimensional variety contained in the cuig. 1)
and the polynomialg(™ (Y1, ...,Y,) andp™F ") (V;,_,) induce the same co-
ordinate function oV (1) .

We are going to show that this coordinate function is a unit ofiQ-11)]
(this implies then that the rational functigf, 1 (y,_,, u(") is well defined in
all points of Vp(-+1)). Assume on the contrary that there exists a pdint=
(pl, s Pn—r—1, 0y e e o Oén) (S VP(7‘+1) such thatO(T) (pl; ey Pr—r—1, an,r)
P ) () = 0 holds. Sincep™ is the discriminant of the polyno-
mial ¢ € Q[Y1,...,Y,_,][T] with respect to the variabl&, we deduce that
a1, pn—r—1, A, T) = ¢ (a,_,, T) has a multiple root.

From (11) we deducétm, ! ((p1, .., Pr—r—1,Qn—r)) = #m, (7, (P)) =
5,. Moreover, by construction, the linear fortA(") separates thé, points of
7 Y (m(P)). Letm, (- (P)) = {m1,...,7,}. Then we have{U ") (), ...,
U (y5.)} = 6, and since the poinP = (p1,...,Pn—r—1,n_ry...,0,) bE-
longs toVp(+1, C V. and since)") (Y1, ...,Y,_,., U) vanishes ofV;, we con-
clude that

r r r,P(T) r
a"(p1, - Par—1, @, U (7)) = P Ny, U (7)) = 0

holds for anyl < j < §,. Moreover we haveleg ¢"F" ") (a,,_,., T) = §,.
Putting all this together, we see thdt ") (o, ., T) is a separable polynomial
of C[T). This contradicts the conclusion thgt:*" ") (a,,_,., T') has a multiple
root. Therefore the polynomial™?" ") (v,,_,) induces a unit of V(1] and
the rational functionfrﬂ(yn_r,u(r)) is well defined (and finite) in all points of
Vp(r+1) .

With these definitions, notions and notations we are now ready to expose the
procedure which computes the minimal polynomia;, . € Q [Y,_,] of the
coordinate function o¥/p(-+1) induced by the variabl®,_... We show in Lemma
7 below that the polynomial

p PrHD) P
Q(Kz—r) = ReST(q( P )(Yn—mT)a(P( P ))N(}/n—r)fr+1(}/n—r7T))

vanishes on all roots of the minimal polynomial, _ (Y,,—,) (hereN denotes a
suitable positive integer, not exceedindj,., which satisfies the condition
(0P NN fri 1 (Yaer, T) € Q [Yn, T]). Perhaps the polynomial(Y,,—,)

vanishes also on certain roots @f-""""))(Y;,,_,.) and might have high degree.
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The exact relationship between the polynomia(¥,,_,) andmy, _ (Y,,—,) is
clarified in Lemma 8 below. This lemma says that the square—free representation
a(Y,—,) € QlY,,—,] of the roots ofy(Y,,—,) satisfies the condition

B a(Yn_r)

o gcd (p(?‘,P(T+1))(Yn_T)’ a(Yn_T)> ’

my, _, (Yn—r)
Lemma 7 Letmy, . € Q[Y,_,] be the minimal equation satisfied by the coor-
dinate function o/p-+1) induced by the variabl&;, _,. and letg € Q [Y,,_,] be
defined as

9(Ya-r) i= Resy (¢ (Vo 1), (007 )N (V) frid (Vo T))

where N is a positive integer, not exceedidg,., such that(p(’”’P(T“)))N(Yn_r)
fr+1(Yn—, T) belongs to the polynomial rin@[Y;,—,., T'|. Then the polynomiagj
vanishes on all roots of the polynomialy, . Moreover the polynomialsuy,
and p™P"") are coprime and the roots of the polynomiaivhere p(:"")
does not vanish are also roots of the polynomial, .

Proof Leta € Cbe aroot ofy with p"P" ") () # 0. Thenf, 1 (a, T) is a well
defined polynomial of I'] and there exists a complex numhey satisfying the
conditionsg™ ") (@, us) = 0 and f,1 (cv, ua) = 0.

(r, P(T+1)y

Forl <j<rletay_rqj = Vplpyy  (0Ua)

ST ) We claim that the point

r+1 _
(P( )7 O, Q41 - - - 7an) - (pla cey Pn—r—1, 0, Op—piq1, ... 7an)

belongs to the lifting fibe¥ p-11).

Specializing in the right hand side of the identity (12) the “variablg$”,
Yonr,Yn—r_1,...,Y, into the values u,, o, p—ry1,...,a, and observing
PP (@) £ 0 we deduce thaf; (P o, ap_pi1,...,a) = 0 holds
for everyl < j < r (here we use the fact that the affine curd&%+1 N
[PV, ,) # 0F and (g P, ,) = 0,0 (Y, ) # 0}
are isomorphic, while the corresponding isomorphism is ideal-theoretically ex-
pressed by the identity (12)).

Therefore the pointP ") o, aiyy—py1, - . . , vy ) belongs to the curvl 1) .

From the definition off,.1, namelyf, .1 (Y, —.,T) = FT+1(K,_T, T) =

(T’p(r-%—l)) (7‘,P(7'+1))
—F P(r+1)’ Y, Un—r—(l +1)(Yn—r7 T) . Un : H)(Yn—?”v T)
P(T’P " )(Ynfr) p(T’P " )(Ynfr>
we deduced = f,1(o,ua) = Frp1(PUTY oy g1, .., o) and this fi-
nally implies that the pointP"*+Y o, o,y 11,...,,) belongs to the variety
Vet = Wpern N {Fr1(Y1,...,Y,) =0}
From(PUtY) o oy i1, ..., ) € Vpesn) We deduce thatry, (o) =0

holds. Thus any root of the polynomig) wherep”"**) does not vanish, is a
root of my,, .
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Let nowa € C be a root ofmy, . with p™""")(a) # 0. Then there exist
complex numbersy, ,1,...,a, such that the pointP"+tV o, a,_py1,. ..,
a,,) belongs to the lifting fibeV (1) Considen,, := U™ (i1, ..., 0n) =
)\Ef,)man,rﬂ + .-+ " a,. Using again identity (12) and observing that by hy-
pothesisp™ """ (a) # 0 we conclude thay™*" ") (a,u,) = 0 and
U(T,P““))( 1)

I J
On—rtj = p(r,P('r'+1>) (a)

as before, we deduce from the definitionfof  that f, 11 («, u,) is well defined
and thatf, ;1 (o, ua) = Fry 1 (PUTY o, py1, ..., o) = 0 holds (recall that
(PUtY ooy i1, .., @) bElONGS tOVp(r11)). Thusu, is @ common root of
P (o, T) andp™P ) ()N f,41 (o, T). This impliesg(a) = 0. There-
fore any root ofiny.__ wherep™P" ") does not vanish is a root of the polyno-
mial g.

F?nally recall that we have shown that the coordinate function ¢VR.+1)]
induced by the polynomiagh™"""") (Y, _,) is a unit of IQ [Vp(-+1)]. Thus the
polynomial o) (v,,_,) vanishes nowhere on the lifting fib&s(.i1). In
particular there is no root ofiy, _ wherep™?" ") vanishes. This implies that
andp™P""") are coprime and thereforevanishes omll roots ofmy, .

holds for anyl < j < r. In the same manner

my,_.
O

For the statement of the next Lemma we need the following considerations: we
have seen before that the “rational functiof}tp_, )—algebras’ QYn,T)®Q[Y'H]

Q[Wp+1)] and IQYn_T)[T]/(q(’"’P(TH))(Yn_T, T)) are isomorphic. The canon-
ical isomorphism of these algebras mdp® ¢,+1 to ¢,1, Wherep,.,, is the
coordinate function of¥ (-+1), induced by the polynomia¥, ;1 (Y1,...,Y,) and
¢r11 is the residue class gf..1 in Q(Y,,_.)[T]/(¢"F"") (Y, T)).

The homothesiesr, ., andry, , defined by multiplication by, ; andg;.
in the Q [Y,,—,]—algebral QW p(+1 ] and thelQ(Y,,—,)—algebral Q(Y,,_,)[T]/
(q<r>P("+1)) (Yo—r, T)) have the same characteristic and minimal polynomials. We
denote the minimal polynomial off, , , by m;, . ,. The coefficients of the minimal
polynomialmy, ., belong tolQY,,_,] and thetotal degree ofny, ., is bounded by
do, (see [55]). Letus denote kyY,,—,) € Q[Y,—.| the square—free representation
of the roots of the constant term of, , , (with respect to the main variable) and
observe thatleg a(Y,,—,) < dd, holds. Then we have the following result:

Lemma 8 With the notations and assumptions introduced before, we have the
identity:

a(Yn—p)
gcd (p(7’7P(T'+1)) (Y;L_T.)’ a(Yn_T)) '

my, _, =

Proof Letg(Y,—,) € Q[Y,_,] be the polynomial of Lemma 7 and letY,,_,) €
Q [Y,,—,]be the square—free representation of the rootg Bf,_,-). By Lemma 7,
the roots ofg and ofmy, __which are not roots gp(""’("+1) coincide. Thus the

. - . (r+1)
polynomialsa andmy., __ vanish on the same non—rootsgf:”" ).

n—r
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On the other hand the polynomiats,,  andp™F""") are coprime. Since
my, _, IS square—free we have therefore the identity

_ a(Yn—r)
 gdd (pr PN, _y),a(Yoor))

my,_ (Yn—.)

From the definition of the polynomial we deduce that in @Y,,_,)[T] the
identity

p PO D
g(Yn—T) = /J( P )(Yn—7')N§TReST (q( P )(Yn—raT)afr-i—l(Y’rL—'r‘vT))

holds.
Applying in the same way as in [31] Stickelberger’s Theorem, we see that
9(Yn—r) r,Pr 1) o
SR N = Rest (q( )(Yn,T,T),fTH(Yn,T,T)) is in fact
the constant term of the characteristic polynomial of the homothgsy. Since
the homothesies;, ., andn,, ., have the same characteristic polynomial we de-

duce that g P<T§E§/)"'(;) NT is a polynomial ofIQ[Y;,_,]. Since the constant
plr )N

terms of the characteristic and of the minimal polynomiahgf, , (and ofn,, ., )
have the same roots, we conclude that the polynonii#},_,.) € Q [Y,_,] is
the square—free representation of the roots of both of them. Taking into account

that the polynomial : P(,,ﬂ}):"(;‘) T~ is the constant term of the characteristic
P n—r T

polynomial of the homothes:ny' we deduce that the identity

a(Yo—r) B @(Yn—r)
gcd (p(r,P(V'Jrl))(Y'n_r)’ a(Yn—r)) - gcd (p(T,P(r»Jrl))(Y'n_r)’ a(Yn—r))
= m)/nfr(yn_T)

holds. This implies the statement of the lemmal

We now exhibit an efficient procedure for the computation of the minimal poly-
nomialmy, .

Proposition 1 Let notations and assumptions be as before. Suppose that there is
given a geometric solution of the lifting fibéf,. Then it is possible to com-
pute in space)(Sré?) and timeO (7 dr? + r°)ds2 log® 5, log® log® 6,) the co-
efficients of the minimal polynomiaty,, _ of the coordinate function dfp-+1)
induced by the variabl&, ..

Proof First of all, we observe that the discriminadt-"""")(Y;,_) of the poly-
nomial P ")(Y,,_,.. T) € Q [V,_,][T] with respect to the variabl& is a
nonzero polynomial of QY,,_,| of degree at mosi2. Let x be a fixed natural
number. Applying the Zippel-Schwartz test in the same way we did in the proof of
Theorem 3, we may choose an elemerf the set{1,...,2x52} such that with

probability of success at leabt- -, the conditionp™* ") () # 0 is satisfied.



44 J. Heintz et al.

It is clear thatn is a lifting point of the curvelW 1) and that the zero—
dimensional varletyi/(’"“) = Wpery N A{Y,—, = n} is the lifting fiber of the
lifting point 7.

We have seen before that the coordinate functith of the curveW (1),
induced by the linear forry ("), is a primitive element of the integral Galgebra
extension| QY,,_,] — Q [Wpein]. Sinceg™P"")(Y,_,, T) is the minimal
integral dependence relation satisfied by over Q [Y,,_,] and since
PPy, ) is the discriminant of ™) we deduce from P () £
0 that the coordinate function of the zero—dimensional va yfl)n induced by

the linear formlU ("), is also a primitive element of Q/(T“) ).

Observe thal/x(,ﬁi),7 = Wpe+y N{Y,_, = n} is isomorphic to the zero
dimensional subvarietyF, (PU+V) 0, Y, _.41,...,Y,) = 0,..., F.(PU+D p,
Yy yi1,...,Y,) =0} of C*~". Observe also that " P(M))(n,Yn ») is the min-
imal polynomial equation of;," ™ ) induced by the linear forn’("). Applying

Theorem 5 to the Imearform's(T Y, TH,...,Yn,ZY),...,ZﬁT introduced in

Subsections 4.3 and 4.4 we compute as in the proof of Theorem 6, the coefficients
of the minimal integral dependence relatiaf®s(T), ¢\"(T), .. ., {"(T), ¢\"(T),

ce qﬁ’”)( T') of the coordinate functions &f. induced by these linear forms. These
polynomials belong to @, ...,Y,_.][T]. We specialize now in all these poly-
nomials the variable¥y, ..., Y, _, into the valueyy, ..., pn_»_1,7. In this way

we obtain the polynomial
r r r r, Pt
¢ (prs- - par1,m, T) = ¢W(PUTY 0, T) = P (0, T)
and certain polynomials
T,P(T'Jrl) r
qg )(T) _Q§ )(plv-“apn—r—lvn»T)

r,P(TJrl) . r
q7(” )(T) = C]ﬁ )(P1»~~~apn—r—1777»T)
(r P(T'H))

61 ’ (T) = Cﬁr) (pla o 7pn—7‘—1a777T)

~,,«7‘1:1(7“Jr1) ~(r
i NT) - —q§)(pr,---,pn_r_un,T)-

All these polynomials belong té Q7] and the ponnomiaISJY’P(TH)),...,

¢ and gttt L (j("P(M)) represent nontrivial equations satisfied
by the coordlnate functions MY +1) mduced by the linear formg,, _,11,..., Y,
andz" ... Lz,

We have already shown that the coordinate functioﬁ/,b:i’_F Tl,)n induced by
the linear formtU(") is a primitive element of qvgfj},,] (thusU™) separates

the elements onf}’)n) and thaty """ (T') is the minimal polynomial of this
coordinate function.
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As in the proof of Theorem 6 we apply now Lemma 6 to these data, obtaining
thus a geometric solution of the zero—dimensional vamgfl’“) All this can be
done in spac@(Srd?) and timeO ((Tr? + r°)8? log” 8, log® log d,).

Since we have at our disposal a geometric solution of the zero—dimensional
variety 1, ”1) , we are now able to apply Theorem 5 to the lifting f|k}<§ft’“
of the curvemel) and to the polynomiaF,. ;. In this way we compute the
coefficients of the minimal integral dependence relation satisfied lov@f,Q.]
by the coordinate functiog,; of Wp(.+1), Which is induced by the polyno-
mial F,., ;. This can be done in additional spa@G¢Sds?) and in additional time
O((Tdr + r*)dé? log® 6, log” log br).

The minimal integral dependence relation over[X,_,.| satisfied byp,. 11
is also the minimal polynomial over the field Q7,—,) of the homothesy),, .,

of the rational functionf, 1 € Q (Y,,_,.)[T]/(¢"*""")(Y,_,,T)) and of the
homothesy;, . ,. We denote this minimal polynomial by, ., (T"). Observe that
the polynomialbny, , belongs to QY;,_,, 7] and from Remark 1 we deduce that
our algorithm computes in fact trenserepresentation ofny, , . Moreover, we
havedegmy, ., < dd, (see [55]).

Therefore, the constant terb(Y;,_,.) of the minimal polynomialny, ., is a
polynomial of IQ[Y;,_,] of degree at mostd, given in dense representation. Ap-
plying e.g. the main procedure of [39], we obtain the square—free representation
a(Y,—,) of the roots of the polynomidi(Y,,_,) in additional spac&(dé,.) and
time O (dé, log(dd,) loglog(dd, )).

Now we compute from the already determined coefficients of the polynomial
P TNTY € QY,_,][T] its discriminantp™ P ") with respect to the vari-
able T. This can be done by [59] in additional spa¢¥ds,) and time
O((dér)2 log 6, log log 6T). By means of the procedure introduced at the begin-
ning of the proof of Lemma 2 we compute the dense representation of the re-
mainderc(Y;,_,.) of the division ofp™P""")(Y,,_,) by the polynomiak(Y;,_.),
which itself is given in its dense representation. This can be done using additional
space0(dé?) and timeO (dd? log? 5, log® log d,.).

Using the identityyed (o XY, ), a(Yn_r)) = ged(c(Yn—r), a(Yn_,))
we compute the dense representation of the polynom(p(’“”’("“))(Yn_r),

a(Yn,T)) in additional spacé(ds, ) and timeO (dé, log® 6, log log 6-) (see[39)).

Finally we divide the polynomiat(Y;,_, ) by gcd( PPy, a(yn,,))
obtaining in this way the dense representation of the polynomigl  (see
Lemma 8). Using the algorithm of Sieveking—Kung, this can be done in additional
spaceO(ds,) and timeO(ds, log” §, log log 6,.). Adding up the complexities of
every step in this algorithm we obtain the complexity estimate of Proposition 1.
O



46 J. Heintz et al.
5 The main algorithm

In this section we collect the algorithmic tools developed before and describe the
main algorithm of this paper, concluding thus the proof of Theorem 1.

In the introduction of this paper we announced this algorithm as a recursive
procedure which producesin-1 steps a geometric solution of the zero—dimensio-
nal varietyV;, defined by the given polynomials,, ..., F, € Q[X1,..., X,].

From now on we shall use freely all notations and assumptions introduced in
the previous sections, and in particular those of Subsections 4.3 and 4.4.

Recall that we have already chosen linear fobs .., Y, € Z[X;,..., X,)]
and a pointP? = (p1,...,p,) € Z" such thatfol < r < n—1 the conditionsi,

(i) and {ii) of Theorem 3 are satisfied. In particular, the linear fols. . .,Y,,

represent a simultaneous Noether normalization of the varigiies ., V,, and
for 1 < r < n — 1 the finite surjective morphism,. : V., — C"~" induced by
the linear formsY;, ..., Y, _, is unramified in the poinP") = (p1,...,pn_p).

In other words,P(") is a lifting point of the varietyV,. with lifting fiber Vp() :=

m H(P0).

For the presentation of our main algorithm we shall focus our attention on its
recursive character. Let us fix< » < n — 1. In the next subsection we are going
to describe the—th step of our main algorithm. This step starts with a (previously
computed) geometric solution of the lifting fibe} -, and produces a geometric
solution of the next lifting fibel/ p41).

5.1 The recursion

As before, letl < r < n — 1 be fixed. We suppose that there is given a geometric
solution of the lifting fiberVp(,. This geometric solution is represented by the
(rational) coefficients of the univariate polynomials occurring in it. Our goal is to
compute the coefficients of a geometric solution of the lifting figr.+1) .

For this purpose we consider again the curve

WP(T‘H) =V.N {Yl =D1y---s Y11= pn—r—1}~

Recall that lifting any projection from a zero—dimensional variety to this curve
produces a bivariate polynomial ifenserepresentation (see Remark 2).

We sketch now how we compute from a given geometric solutiol,of, a
geometric solution of the lifting fibeVp11):

applying Proposition 1 we compute first the coefficients of the minimal polynomial
my, _, of the coordinate function o' p(-+1) induced by the linear forny,,_,.

At this point we introduce two linear form& := a;Y,_, + U") and/{, :=
asY,_,+U") wherea; anda, are suitably chosen nonzero integers. Modifying
slightly the algorithm underlying Proposition 1 we compute the coefficients of
the minimal polynomialsn,, andm,, of the coordinate functions ot p¢-+1)
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induced by the linear formg and/,. Interpreting the linear forms,,_, andU (")
as indeterminates, we consider now the zero—dimensional variety

W = {my, (a1 Yy_n+U™) = 0,my, (a2 Yp_r+UM) = 0,my,_ (Y,_,) = 0}

which is contained in the affine spacé.The linear form¢; = o Y,_, + U™
separates the points of the variéty. Using/; as separating linear form, we apply
now Lemma 6 to the varieti#’. In this way we obtain a suitable “parametrizing”
. (Pt (Pt r .
polynomialv, . (T) such thatY,,_, — v, . ’(a1Y,_, + U)) vanishes
on the whole variety¥'. This polynomial is now used for the computation of a
suitable birational morphism which maps the zero—dimensional vdriety the
lifting fiber Vp(+1). From the coordinates of this morphism we obtain a geometric
solution of Vp(ry1y.

We are now going to describe the details of the procedure sketched just before.

Let us consider the linear forii,_, + aU("), wherea is an integer which
will be determined later. We claim that for a generic choice of the parameter
the linear formY;,_, + oU(") induces a finite morphism which maps the curve
Wp+1) onto the affine space!'C

In order to prove this claim, let us consider the minimal polynomial
PNV, . T) € Q [Yi_,, T] of the elementu™ of Q [Wpei] (recall
thatu(") is the coordinate function d p(+1) induced by the linear forny/(").

Let A be a new indeterminate and lét.= Y,,_,. + AT. Specializing in the poly-
nomialq(TvP(T“))(Yn,m T) the variableY;, _, into the valueC — AT we obtain a
new polynomiai™"") (A4, £, T) in the indeterminated, £ andT'. This poly-
nomial can be written as

G (AL, TY = cs, o(A)TP + -+ + co.5, (A) LD,
with ¢s,. 0(A),...,co.s.(A) being elements of QA] (observe that this represen-
tation is possible sincdeg; ¢ = deg g™ = 5, holds and since
the expressioll — AT is linear in £ andT). Specializing again i)
the parameter! into the value zero, we obtaifi™”""") (£, T') which is a monic
polynomial in the variablg” of degree),.. This impliescs, ¢(0) = 1 and therefore
we havecs, o(A) # 0. Observe also thateg ¢;, ¢ < §, holds.

Therefore, specializing the indeterminateinto any valuen € 7Z satisfying
cs.0la) # 0, we obtain from ¢P ") (A, £, T) a new polynomial
¢"P"" N, £,T) € Q [L£,T] of partial degrees, in the variableT. We con-
sider now the coordinate functidn= y,,_, + au(") of the curveWp(+1, and the
subalgebra @] of Q [Wpe11)].

From the identity; """ (y,_,., u() = 0 we deduce that in the @lgebra
Q [Wpein] the identityg™P""")(a,¢,u) = 0 holds. This means that in
Q[Wpei1)] the polynomialf™F" ") (a, ¢, T') represents an integral dependence
relation for the coordinate functiorf™ over the subalgebra [J).
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From the identities QW p(+1] = Q [yn—r,u™] andy,_, = £ — au(™) we
deduce now that (¢] — Q [Wpre+1] is an integrall Q-algebra extension and
therefore the morphist: Wp+1) — C! is finite and surjective.

We claim now that for a generic choice of the parametes 7 the linear
form Y, _, + aU) induces a primitive element of the zero—dimensional variety
VP(r+l) .

In order to show this claim, let us consider the linear fofm= Y, _, +
AU™ € Q[A][Xy, ..., X,]. The polynomial

P(A) = I1 (ﬁ(:c“)) - E(x@)))
x(l),x(z)evp(rﬂ)
2 £ 22

belongs ta QA]. By construction, the linear fori, _,. separates the points of the
lifting fiber V41 (See Fact in the proof of Theorem 3). This implieg)) # 0.
One sees now immediately thBtis a nonzero polynomial of Q4] of degree at
mostd?2, ; which expresses a genericity condition saying that for@my Z with
P(a) # 0 the linear form¢ = Y;,_, + oU ™) induces a primitive element of the
lifting fiber Vpi1).

For an arbitrary integew, let us write/,, = Y,,_, + aU") andm,,_ for the

minimal polynomial of the coordinate function df-+1) induced by the linear
(T’P(T“F

. ) L -
form ¢,,. Furthermore let us writg, - ) for the discriminant of the minimal

L (rprtD . .
polynom|alq£a’P o )(éa,T) of the coordinate function(") € Wp.+1) over the
Q —algebral Q[¢,]. We finally claim that for a generic choice of the parameter
o € 7Z, the linear forn¥ := ¢, =Y, _, + aU(") satisfies the condition:

T,P(T+1))

ged(p} ;mg) = 1. (13)

In order to prove this claim, we consider again the linear farre Y,,_,. + AT
and the polynomiai™"""")(A, £, T) introduced above. Lep. (A, £) be the
discriminant of the polynomiag™”"*")(A, £, T) with respect to the variable
T. Specializing again ig""" ") (4, £, T) the parameted into the value zero,
we obtain the polynomiay™*"") (£, T) which is separable and monic. This
implies pz(0,£) # 0. Moreover the total degree ¢f; is bounded by2. Let
me € Q[A][T] be the minimal polynomial of the image of the linear fo¥fy._,. +
AU in the Q [A]-algebral Q[4] ®g Q [Vp+n]. One immediately verifies
degrmg < 0.41. Let R(A) € Q[A] be the resultant of the polynomialg (A, £)
andmg (A, £) with respect to the indeterminai® From Lemma 7 we deduce
R(0) # 0. Therefore we hav&(A) # 0. Moreover, the estimatekg . p, < §2
anddeg, m,(A, L) < §,,1 imply deg R < 626, 1. Therefore for any integex
satisfyingR(«) # 0 we see that the linear forén.= ¢, = Y,,_, +aU(") satisfies
condition (13).

We are now going to describe how we can find effectively an integer
7Z, which satisfies the genericity conditions of the three claims just proved. For
this purpose we consider the polynomidl € Q [A] defined by the formula
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H(A) := c5,,0(A)P(A)R(A). One sees immediately that # 0 anddeg H <

252 hold. Letx be a fixed natural number as in Theorem 3. Applying the Zippel—-
Schwartz test we choose now randomly two distinct elementand o, of the
set{l,...,4x6%} satisfying the conditiondi(c;) # 0 and H(az) # 0. The
probability of success is at Iea(sl — i)Q We suppose from now on that we
have already found such integets and aw. Let ¢, := Y,_, + a;U™ and

ly =Y, .+ asU"). Observe that the linear fornfs and/, have the properties
formulated in the three claims just before.

Our next aim is to compute the coefficients of the minimal polynomials_,
my, andm,, of the coordinate functions of the lifting fib&f, -+, induced by the
linear formsY,,_,., £; and/s. First we compute the coefficients of the minimal
polynomialmy;, _ applying directly the procedure underlying Proposition 1.

For the computation of the coefficients of the minimal polynomials and
my, we modify this procedure in the way we are going to explain now. Recall first
the following notations:

by ¢P") € Q[Y,,_,][T] we denote the minimal polynomial of the coordinate
functionu(™ € Q [Wp(+1] over thelQ-algebral QY;,_,] and bypP""") ¢

Q [Y,_,] we denote the discriminant gf-"""")(Y,,_, T') with respect to the
variableT. Moreovery,.1; denotes the coordinate function of the cuiVg 1)
induced by the polynomiat’..;. Observe that to the coordinate functipn,, €

Q [Wpe+n] there corresponds an elemelfit;; of the quotient algebra
Q(Y,_)[T)/(q"F""") (Y, —,, T)) which has the same minimal polynomial over
Q(Y,,—,) as the coordinate functigp,.; over Y;,—,]. This minimal polynomial
belongs tol QY,,_,][T] and is denoted by . ..

The procedure underlying Proposition 1 requires the computation of the dense
representation of the minimal polynomiaisy, , , andq?""") which belong to
QY. ][T]. |

Letus fix1 < ¢ < 2. Observe that the minimal ponnom'naiSfr)+l € Q[4][T)
of the coordinate functior,.,; with respect to the integral Qalgebra extension
Q[¢;] — Q[Wpe+1] can be obtained fromny, ., in the following simple way :

m{_ (6, T) =my, (6 — a;T,T).

This identity implies that the coefficients of the constant tefthe Q[¢;] (with

respect to the variabl@) of the minimal polynomialmgfg , can be determined
from the (already computed) dense representation of the polynamyial, . This
can be done in additional tin@(é2, ;) using constant additional space.

In the same way, the minimal polynomig), := qZ’P(M)) € Q [¢;,T] of

the coordinate functiom(™) with respect to the G-algebra extension Q;] —
Q [Wp+1)] can be obtained by means of the identity :

q, (6;,T) = Q(T’P(Hl))(& —o;T,T).
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Let p; := pZ’P(TH)) € Q [¢;] be the discriminant of the polynomia}, €
Q [¢4;][T] with respect to the variabl€. From the generic choice of the integer
and the third (and last) claim proved at the beginning of this subsection we deduce
in the same manner as in Lemma 8 the identity:

a®
T ged (@, pr)”

Using the same argumentation as in the proof of Proposition 1 we deduce from this

identity that the dense representation of the polynomialsandm,, can be com-

puted in additional spac@(Sré2) and timeO((T dr + °)dd? log® 5, log® log 8,.).
Consider now the zero—dimensional variety

W= {(\n) € C*me,(\) =0,my, (1) =0,my (A + (a1 —az)n) =0}

which is contained in the affine plané C

Taking into account the identity = /5 + (a1 — a2)Y,,—, we may considef;
as a linear form in the indeterminatésandY;, ... Thus for any point\, ) € C?
let?; (N, n) := A+ (a1 —a2)n. Inthis sense, the linear forf separates the points
of the varietylW.

Applying now Lemma 6 to the zero—dimensional variBtyand the linear form
¢, we compute from the dense representation of the polynomig|s , , m,, and

my, the coefficients of a polynomiazlffi(;m) € Q[T of degree at mosk, 11 — 1,
which satisfies for any poir{t\, ) € W the condition

n=v"0 7 4 (a1 —ao)n) = o7 (6 (0 m))

From [42, Proposition 29] we conclude now that the polynomial
) — (Pt >)(£1) vanishes on the whole lifting fibdrp+1). The computa-

tion of the coefficients of the polynomiaifi(:m) can be done in additional space
0(82,,) and timeO (52 ; log® 8,11 log? log §,11).

Taking into account the estimation, ; < dd,, and summing up all complexi-
ties we obtain the following result:

Lemma 9 Let notations and assumptions be as before. In particular suppose that
there is given a geometric solution of the lifting fibEk., and a linear form

01 =Y,_, +0o1U"), whereq, is a sufficiently generic integer. Then it is possible
to compute in spac@(Srdé?) and timeO ((Tdr + r°)ds? log® 5, log® log 6,.) the
following items:

— the coefficients of the minimal polynomial,, of the coordinate function of
the lifting fiberVp 11y induced by the linear form;,
— the coefficients of a univariate polynomi&ffi(:+ e Q[T] of degree at most

(r+1)
8,41 — 1 such thaty,_, — v/Z""")

n_r (1) vanishes on the whole lifting fiber
Vp(r+1) .
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It remains now to compute the coefficients of certain suitable polynomials
r+1 r+1) . .
vflp(ril)), e ’U%ﬂ ) of Q[ | having degree at most; — 1, which, together
with the polynom|aIu(P " , parametrize the lifting fibeVp(-+1) in terms of the
linear form¢; and its minimal polynomiain,,. This is the content of the next
result.

Theorem 7 Let notations and assumptions be in Lemma 9. Then it is possible
to compute in spacé®(Sdré?) and timeO ((Tdr? + r°)s° log” § log® log ) the
coefficients of certain (univariate) polynomials representing a geometric solution
of the lifting fiberVp 41y .

Proof As in Theorem 3, let us fix a natural numberand let us fix an integer
n such thatn is a lifting point of the curvelVp+1). The corresponding lift-

ing fiber is V“H)n = Wpeeny N {Y,—, = n}. We have seen at the begin-
ning of the proof of Proposition 1 that such an integecan be chosen ran-
domly in the set{1,...,2xd%} with probability of success at least— ﬂ. Ap-
plying now Proposition 1 we compute the coefficients of the minimal polynomial
my, _, of the coordinate function oVp(-+1) induced by the linear forny,,_.,.
This can be done by means of a computation tree using €pageds?) and time
O ((Tdr*+1r5)5? log® 6, log® log br).

Then we choose randomly two distinct elememtsand . of the set{1, .. .,
2603}, Letly =Y, ., + U andly =Y, _, + auU). With probability
at least(1 — %)2 the linear formg; and/, have the properties formulated in the
three claims shown at the beginning of this subsection. Then we compute as in
the proof of Lemma 9 the coefficients of the minimal polynomialg andmy,,
of the coordinate functions of the lifting fib&f>.1) induced by the linear forms
£; and /5 in. Moreover we compute for < ¢ < 2 the dense representation of
qe, € Q[¢;][T], which is the minimal polynomial of the coordinate functiofi)
of Wp+1) over thelQ-algebra Q¢;].

Now we use the already determined dense representation of the minimal poly-
nomialsmy,, ., m,, andmy, in order to compute the coefficients of a polynomial

vff:(fﬂ)) € Q[T having degree at mosf,; — 1, such that;,_, — vff:(;ﬂ))(&)

vanishes on the whole lifting fibéf(.+1). This can be done by means of a compu-
tation tree using spad@(Srds?) and timeO ((T dr + r°)52 log® 6, log” log 6,.).

Forl < k < rlet Z" be the linear formZ\” := Lo — A" | v,
and let us consider the integrial-@lgebra extension @1}1 — Q [Wpe+n]. Our
aim is to compute fot < k < r the minimal polynomlalgf(r“) andg,(fﬂ) over
Q[¢,] of the coordinate functions &4 (.11, induced by the linear forms,, .«
andZ,E,T). For this purpose we compute first a geometric solution of an appropriate
lifting fiber of the curveW p(-+1) and determine then the polynomi:ﬁ 1 and
g,(f“) by a suitable lifting process.

We start choosing randomly an eleménin the set{1,...,xd%}. As at the
beginning of the proof of Proposition 1 we conclude that with probability at least
1—1 the finite morphisn¥p(-+1, — € defined by the linear forrfy is unramified
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in the point{. Hence¢ is a lifting point of the curveV (.41, with lifting fiber
Vz(lr,zl) = Wpesn N {l = &}
Now we proceed to compute the coefficients of certain suitable polynomials

representing a geometric solution of the zero—dimensional vaY/féé’t“) Ob-
serve that the coordinate function Yéf”l induced by the linear fory(") is a

primitive element of QVE (r+1) } (compare with the argumentation at the beginning

of the proof of Proposmon 1).
SinceV("“) is the fiber of the lifting poin¢ of the curveV 541, the minimal

polynomial of the coordinate function (M(T“ induced by the linear forry (")
can be obtained just by specializing in the polynomiale Q [¢1][T] the variable
£y into the valuet.

From the already computed dense representation of the polyngmiale
obtain therefore the minimal polynomial of the primitive element o T’Zl)]
induced by the linear forrty ("),

At the beginning of Subsection 4.3 we considered for daghk < r the lin-
ear formsY,,_, andZ,gr) =Um — )\f: i1 Yn—r+k- In the same way as in the
proof of Proposition 1 we compute first the minimal integral dependence relations
&(T),....¢"(T)yandg”, ..., ¢" (T) overQys, ..., V,_,] of the coordinate
functions of V. induced by the linear formg,, _,.,1,...,Y, and ZY), oz,
Then we specialize in these integral dependence relations the varigbles,
Y,_,_1 into the valuespy,...,p,_»_1 and the variabley,,_, into the value
& — U™, In this manner we obtain for any < k& < r two polynomials

¢ (U™, T) andg"* (U™, T) which belong tol U ™][T] and which have
the property that"* (U™, Y,,_,,4) andg\"* (U™, Z{") vanish on the whole
zero—dimensional variety’e(lf;rl). We apply now Lemma 6 (in a slightly modi-
fied form) to the zero—dimensional variety defined in the affine plahédZthe
polynomialsg\* (U™, Y, _,,1),3" (U™, Z") and gy, (¢,UM) and to the
(separating) linear forr’ ("), As output of the algorithm underlying Lemma 6 we

obtain the coefficients of a certain univariate polynorﬁféfr) 1+ € Q[T] having

degree at most, — 1, such that;, _, ., — 17( 5) . (U)) vanishes on the whole

variety V," V.
In the same way as in the proof of Proposition 1 we conclude that the coeffi-
cients of the (univariate) polynomiaig, (¢, 7) andfu,(f f,,)H(T), . ,ﬁﬁf’f)(T) can
be computed in spad@(Srds?) and timeO ((Tdr? + r°)52 log® 5, log” log 8, ).
These polynomials represent a geometric solution of the zero—dimensional variety

V(7'+1)

£1,§
Next we apply Theorem 6 in order to lift for eadh< k£ < r the projec-
tions of the linear form%,, ... and Z,ir) = 1 ( — An)r+kYn,r+k from the

zero—dimensional vanet% (r+1)

computes the dense representatlon of the polynorr;i’}gif‘é ) and g,

to the curveWP<,+1) This lifting procedure

(r+1) Wwhich
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belong tolQ[¢1,T] (see Remark 2). It can be performed in spade&rds?) and
time O ((7dr? + r°)32 log® §, log® log 6..).

Let1l < k < r. We consider now the zero—dimensional subvariety of the affine
plane I defined by the polynomialg\™ ™ (¢1,Y, _.41), 3" ™ (6, Z(7) =
g,(f“)(a1 0 — )\ff)HkYn ~+x) andmy, (¢1). Applying as before Lemma 6 in
a sllghtly modified form to this zero—dimensional variety, we obtain the coeffi-

cients of a certain univariate polynomnagfﬂrk € Q [T] having degree at most

(r . .
0r411 — 1, such thatV,, .., — Uﬁirik)(@l) vanishes on the whole lifting fiber
. . . (r+1) (r+1)
Vpe+1y. The coefficients of the polynomladéfirr1 o ™ can be com-

puted in additional spac@(s2, ) and timeO (62, log® 6,41 log®log 6,41).

These polynomials and the already computed univariate polynom{[@g)
andmy,, represent a geometric solution of the lifting fidés..1).

Adding up the complexities of each step in the argument we obtain finally the
complexity estimate of Theorem 70

The proof of Theorem 7 makes precise the computational model in which our
main algorithm works, namely the model of computation trees, whose correctness
depends on the random choice of certain not too big integers. The computation tree

underlying the proof of Theorem 7 is reliable with probability at Ie(as% %)4.
Applying Theorem 7 recursively, we obtain now easily a proof of Theorem 1.
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